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CMBUkTI1 
 

lMhat;eRCIserIs 
 

!> cUrRsaybBa¢ak;fa  ab
2

ba
ba

22




    
   RKb;cMnYnBitviC¢man a  nig b     . 
@> cUrRsaybBa¢ak;facMeBaHRKb; 0c,b,a   eKmanvismPaB  
  )cabcab)(cba(

9

8
)ca)(cb)(ba(   

#> cUrbgðajfa   
27

8

)cba(

)ac)(cb)(ba(
3 


    

  cMeBaHRKb;cMnYnBitviC¢man c,b,a   . 
$> eK[cMnYnBitviC¢man  z,y,x,c,b,a  . 
 cUrRsayfa 333 abcxyz)cz)(by)(ax(    
%> cMeBaHRKb;cMnYnBitviC¢man b,a  nig c  cUrRsaybBa¢ak;fa ³ 
 

2

3

ba

c

ac

b

cb

a









   . 

^> eK[ z,y,x  CabIcMnYnBitviC¢man .  
 cUrbgðajfa  

)zx)(zy)(yx(

)zyx(2

)xz(

1

)zy(

1

)yx(

1
222 
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&> cUrRsaybBa¢ak;vismPaB ³ 

2

23
)a1(c)c1(b)b1(a 222222    

 cMeBaHRKb;cMnYnBit c,b,a   . 
*> ebI )1,0(c,b,a   cUrbgðajfa ³ 
 1)c1)(b1)(a1(abc   
(>eK[ c,b,a  CabIcMnYnBitviC¢manEdl 1abc   . 
  cUrRsayfa 3cba

b

ac

a

cb

c

ba








  
!0> eK[ d,c,b,a  CabYncMnYnBitEdl 4dcba 2222    . 
   cUrRsaybBa¢ak;fa 8dcba 3333    . 
!!> eK[ c,b,a  CabIcMnYnBitminGviC¢man . 
    cUrRsayfa 3333 )a

2

cb
(2abc3cba 


   . 

!@> eK[ c,b,a  CabIcMnYnBitviC¢manEdl 1abc   . 

     cUrbgðajfa  5
222

3

cba

3

cba 


   . 
!#> eK[ c,b,a  CabIcMnYnBitxusKña .  

    cUrRsayfa 2
)ba(

c

)ac(

b

)cb(

a
2

2

2

2

2

2










  . 

 



vismPaBeRCIserIs 
 

  

      eroberogeday lwm plÁún                                                                                    - Page 3 - 

!$> eK[ c,b,a  CabIcMnYnBitminGviC¢manEdl cbacba 222    
     cUrRsayfa  cabcabaccbba 222222    . 
!%> eK[ c,b,a  CabIcMnYnBitminGviC¢man .  cUrRsayfa  ³ 

3222222 )cabcab()acac)(cbcb)(baba(   
!^> eK[ c,b,a  CabIcMnYnBitminGviC¢manEdl 1abc  .  cUrRsayfa  ³ 

    
2

3

ac

acb

cb

cba

ba

bac
22

33

22

33

22

33











   . 

!&> eK[ c,b,a  CabIcMnYnBitviC¢man . cUrRsaybBa¢ak;vismPaB ³ 

   1
)ba(c

c

)ac(b

b

)cb(a

a
33

3

33

3

33

3










  . 

!*> cMeBaHRKb;cMnYnBitviC¢man c,b,a  cUrRsayfa ³ 
     

2

3

ac

c

cb

b

ba

a









 

!(> cMeBaHRKb;cMnYnBitminGviC¢man z,y,x  cUrRsayfa ³ 
    )xyz1)(z1)(y1)(x1()z1)(y1)(x1(2 222   
@0> cMeBaHRKb;cMnYnBitminGviC¢man d,c,b,a  cUrRsayfa ³ 

22222 )abcd1()dd1)(cc1)(bb1)(aa1(4    
@!> ebIsmIkar 01bxx2axx 234  manb¤sy:agticmYy 
     CacMnYnBitenaHbgðajfa 8ba 44   . 
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@@> cUrRsaybBa¢ak;fa ³ 
      

)cba(4

9

)ba(

c

)ac(

b

)cb(

a
222 









  

       cMeBaHRKb; c,b,a  CacMnYnBitviC¢man . 

@#> cUrRsaybBa¢ak;fa   
a

c

c

b

b

a

a

c

c

b

b

a 222

2

3

2

3

2

3

    

     cMeBaHRKb; c,b,a CacMnYnBitviC¢man . 
@$> eK[ z,y,x  CabIcMnYnBitviC¢man . cUrRsaybBa¢ak;fa ³ 

1
)yz)(xz(z

z

)xy)(zy(y

y

)zx)(yx(x

x









 

@%> RKb;cMnYnBitviC¢man c,b,a  cUrRsaybBa¢ak;fa ³ 
       
























ba

c

ac

b

cb

a
4

c

ba

b

ac

a

cb   

@^> eK[ c,b,a  CabIcMnYnBitviC¢manEdl 1abc    . 
      cUrRsayfa )1cba(4)ac)(cb)(ba(     
@&> cUrbgðajfa )cabcab(9)2c)(2b)(2a( 222     
       cMeBaHRKb;cMnYnBitviC¢man c,b,a   . 
@*> eKyk c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 

    
5

3

c)ba(

)cba(

b)ac(

)bac(

a)cb(

)acb(
22

2

22

2

22

2
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@(> eK[ t,z,y,x  CabYncMnYnBitviC¢man . cUrRsayfa ³ 

    1
xt

t

tz

z

zy

y

yx

x 2222









































   . 

#0> eK[ c,b,a  nig z,y,x  CacMnYnBit . cUrRsaybBa¢ak;fa ³ 
      2222222 )abzcaybcx(3)zc)(yb)(xa(4    
#!> eK[bIcMnYnBit 1c,1b,1a   . cUrRsaybBa¢ak;fa ³ 

      2
ba1

c1

ac1

b1

cb1

a1
2

2

2

2

2

2













   . 

#@> eK[bIcMnYnBitviC¢man c,b,a  Edl 1abc   . cUrRsaybBa¢ak;fa ³ 
      

8

3

)c1(

1

)b1(

1

)a1(

1
333 








  . 

##> eK[bIcMnYnBitviC¢man c,b,a  Edl 4)cba(cba 2222    
      cUrRsaybBa¢ak;fa   3

)ac(

1ca

)cb(

1bc

)ba(

1ab
222











   . 

#$> eK[bIcMnYnBitviC¢man b,a  nig c  .   cUrRsayfa  
     3252525 )cba()3cc)(3bb)(3aa(    
#%> cUrRsayfacMeBaHRKb;cMnYnBitviC¢man c,b,a  eKmanvismPaB ³ 
     

abc

1

abcac

1

abccb

1

abcba

1
333333










 . 
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#^> eKyk 
nm

1n1m

nm

nm
a







 Edl m  nig n  CacMnYnKt;viC¢man . 

      cUrRsayfa  nmnm nmaa    . 
#&> eK[ z;y;x  CabIcMnYnBitviC¢manEdl 1xyz    .  
       cUrRsaybBa¢ak;fa ³ 

       2
xxzz

xz

zzyy

zy

yyxx

yx
6336

99

6336

99

6336

99













    

#*> eK[ c,b,a  CacMnYnviC¢manEdl 3cabcab   . 
      cUrbgðajfa  

abc
1

)ba(c1
1

)ac(b1
1

)cb(a1
1

222 








   

#(> eK[ a  nig b  CaBIrcMnYnBitminGviC¢manEdl 4ba 22   . 
     cUrRsayfa   12

2ba
ab




  . 
$0> cUrRsayfa |)xz)(zy)(yx(|

4
3

xyz
3

zyx 333


    

       cMeBaHRKb; 0z;y;x   . 
$!> eK[ c,b,a  CaRbEvgRCugénRtIekaNmYy . 
    cUrRsayfa   3

cba
c

cba
b

cab
a










 . 
$@> eK[ c,b,a  CabIcMnYnBitEdlepÞógpÞat; 3cba 222   . 
     cUrbgðajfa 4abc|c||b||a|    . 
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$#> eK[ c,b,a  CabIcMnYnBitviC¢manEdl 1abc    . 
      cUrbgðajfa 

cabcab
6

cba
3

1





   . 
$$> eK[ 1a   nig 1b   . 

      cUrbgðajfa  )
2

ba
(log2blogalog 222


   . 

$%> eK[ z,y,x  CabIcMnYnBitviC¢manEdlepÞógpÞat; 1xyz    . 
     cUrbgðajvismPaB ³ 

      zyx
y

)1xz(

x

)1zy(

z

)1yx( 222








   . 

$^>eK[ c,b,a  CacMnYnBitviC¢man .  
     cUrbgðajfa    0

ac
)ba(ac

cb
)ac(cb

ba
)cb(ba 222











   . 

$&> eK[  c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 
     2

3333

5555

)cba(
9

10

)cba(cba

)cba(cba



  

$*> cMeBaHRKb;cMnYnBit )
4

,0(x


   
    cUrbgðajfa  xsinxcos )x(sin)x(cos  . 
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$(> eK[ d,c,b,a  CabIcMnYnBitEdlepÞógpÞat;vismPaB ³ 
    22222 )1bdac()1dc)(1ba(    
    cUrbgðajfa 1ba 22   nig 1dc 22    . 
%0> eK[ c,b,a  CabIcMnYnBitviC¢manEdl 1cabcab    . 
     cUrkMnt;témøGb,brmaénkenSam 

ac

c

cb

b

ba

a
E

222








   . 

%!> eK[  n21 x...,,x,x ¬ Edl 2n  ¦CacMnYnBitviC¢manEdlepÞógpÞat; ³ 
     

1998
1

1998x
1

....
1998x
1

1998x
1

n21










  

      cUrbgðajfa  1998
1n

x...x.xn
n21 


  . 

%@> eK[ z,y,x  CabIcMnYnBitviC¢manEdl zyxxyz   . 
      cUrRsayfa 

xyz2
27

y1

xz

x1

zy

z1

yx
222 










  . 

%#> cUrbgðajfaebI 8abc    nig 0c,b,a   enaHeK)an ³ 
 

3
4

)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
33

2

33

2

33

2










 

%$> eK[RtIekaN ABC  mYymanRCug cAB,bAC,aBC    
      ehIymanmMukñúgCamMuRsYc . 
      cUrRsayfa )cba(4

Bcos
ac

Acos
cb

Ccos
ba
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%%> eK[ 0z,y,x   Edl 1zyx    . 
      cUrRsayfa 

4
1

)z1(

z

)y1(

y

)x1(

x
2

3

2

3

2

3










  . 

%^> eK[ d,c,b,a  CacMnYnBitviC¢manEdl 1abcd   . 
     ebIeKdwgfa 

a
d

d
c

c
b

b
a

dcba    enaHcUrbgðajfa  

      
d
a

c
d

b
c

a
b

dcba    . 

     bgðajfa 
d
a

c
d

b
c

a
b

dcba     
%&> eKyk c,b,a  CacMnYnviC¢manEdlepÞógpÞat; 1abc   . 
     cUrbgðajfa 

4

3

)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a









. 

%*> eKyk c,b,a  CacMnYnviC¢man. 
      cUrbgðajfa )

abc

cba
1(2)

a

c
1)(

c

b
1)(

b

a
1(

3


  . 

%(> eKyk c,b,a  CacMnYnBiténcenøaH )1,0(  .  
     cUrbgðajfa 1)c1)(b1)(a1(abc   . 
^0> eKyk c,b,a  CacMnYnBitviC¢manEdl abccabcab   
      cUrbgðajfa 1

)ac(ca

ac

)cb(bc

cb

)ba(ab

ba
33

44

33

44

33

44











  . 
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^!> eKyk z,y,x  CacMnYnBitviC¢manEdl 1xyz   
      cUrbgðajfa 

2

3

yxy

1

xzx

1

zyz

1









 . 

^@> cMnYnBit  z,y,x,c,b,,a  epÞógpÞat; 0cba    
     nig 0zyx   .  cUrbgðajfa  

4

3

)bxay)(byax(

zc

)azcx)(axcz(

yb

)cybz)(czby(

xa 222222










   . 

^#> cUrbgðajfa  
3

3

xyz1

xyz3

z1

z

y1

y

x1

x











    

     cMeBaHRKb; 1z,y,x0    . 
^$> cUrbgðajfacMeBaHRKb; c,b,a  CacMnYnBitviC¢maneK)an ³ 
       1

ab8c

c

ca8b

b

bc8a

a
222










  . 

      bgðajfa  1
ab8c

c

ca8b

b

bc8a

a
222










   

^%> cUrbgðajfacMeBaHRKb; c,b,a  CacMnYnBitviC¢maneK)an ³ 
     3cba

1cb3

)1a)(1c(

1ba3

)1c)(1b(

1ac3

)1b)(1a(
3 22

2

3 22

2

3 22

2














   . 

^^> eK[ z,y,x CacMnYnBitviC¢manEdl 1zyx    . 
      cUrRsayfa ³ 
     1

)yx(z2

xyz

)xz(y2

zxy

)zy(x2

yzx
2

2

2

2

2

2














   . 
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^&> ebIcMnYnBitviC¢man c,b,a  epÞógpÞat; 3cba 222    
     enaHcUrbgðajfa ³ 
      

12

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2 









  . 

^*> eKmancMnYnBitviC¢man c,b,a  epÞógpÞat; 1cba   .  
      cUrbgðajfa    

2

3

abc

abc

cab

cab

bca

bca











      .  

^(> eK[ c,b,a Ca cMnYnBitviC¢man.  
      cUrbgðajfa    )

ca

1

bc

1

ab

1
(

2

1

abc

1

cab

1

bca

1
222










     .  
&0> eK[ d,c,b,a   CacMnYnBitviC¢man .  

)ad)(ad(

d

)dc)(dc(

c

)cb)(cb(

b

)ba)(ba(

a
S

22

4

22

4

22

4

22

4











  

     cUrbgðajfa 
4

dcba
S


   . 

&!> eK[cMnYnBitviC¢man n21 x....,,x,x  ehIyeKtag  
    n21n x...xxS    . cUrRsayfa ³ 
    

!n

S
...

!2

S
S1)x1)....(x1)(x1(

n2

n21     
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&@> cMeBaHRKb;cMnYnKt;viC¢man  n  nig cMeBaHRKb;cMnYnBitviC¢man  
     n21 a....,,a,a   epÞógpÞat; 1a....aaa n321   . 
      cUrbgðajfa ³  






n

1i i

n

1i 4
i

i
a

1

2

1

3a

a      . 

&#> eK[ c,b,a  CacMnYnBitviC¢man edaydwgfa  
     cba

c

1

b

1

a

1
 .  cUrbgÐajfa ³ 

    
16

3

)c2ba(

1

)cb2a(

1

)cba2(

1
222









  . 

&$> smIkar 0cbxaxx 23   manb¤bICacMnYnBitviC¢man     
    ¬mincaM)ac;xusKña ¦. 
     cUrkMNt;témøGb,brmaEdlGacén 

b

c

ba23

cba1



   . 

&%> cUrRsayfa ³ 
    )

ac

1

cb

1

ba

1
)(cba(

3

2

2

)baba)(ba( 222

Cyc

4
2222










   

        cMeBaHRKb;cMnYnBitviC¢man c,b,a   . 
&^> ebI c,b,a  CargVas;RCugénRtIekaNmYy ehIy r  CakaMrgVg; 
     carwkkñúgénRtIekaNenaHcUrRsayfa 

2222 r4

1

c

1

b

1

a

1
  .  
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&&> eK[ c,b,a  CacMnYnBitviC¢manehIyepÞógpÞat;lkçxNÐ½  
     

c

1

b

1

a

1
)cba(16   . cUrRsaybBa¢ak;fa ³ 

    
9

8

)c2b2ac(

1

)b2a2cb(

1

)c2a2ba(

1
333









 

&*> eK[ c,b,a  CacMnYnBitviC¢manEdl 1cba   . 
     cUrbgðajfa 

8

3

b1

ca

a1

bc

c1

ab
222









. 

&(> eK[ c,b,a CabIcMnYnBitminGviC¢man nig z,y,x   
     CabIcMnYnBitviC¢manedaydwgfa  zyxcba   . 
     cUrRsaybBa¢ak;fa ³ cba

z

c

y

b

x

a
2

3

2

3

2

3
  . 

*0> eK[ 0,, cba   .  cUrRsaybBa¢ak;fa ³ 
     

2

9)(4)(4)(4 3 333 333 33














ba

bac

ac

acb

cb

cba  . 
*!> eKeGaybIcMnYnBitviC¢man c,b,a   . cUrRsayfa ³ 

    
8

3

)ba(

c

)ac(

b

)cb(

a
3

3

3

3

3

3










  . 
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*@> cMeBaHRKb;cMnYnBitviC¢man c,b,a  eKkMNt;tag
3

cba
A


  

     3 abcG    nig 
c

1

b

1

a

1
3

H


  .  

     cUrRsayfa 
H

A
.

4

3

4

1

G

A 3







    ? 

*#> eK[cMnYnBit 212121 z,z,y,y,x,x  epÞógpÞat; 0x,0x 21   
     0zyx 2

111   nig 0zyx 2
222    . 

    cUrRsaybBa¢ak;fa ³ 
   (*)

zyx

1

zyx

1

)zz()yy)(xx(

8
2

222
2

111
2

212121 






 

*$> eK[RtIekaN ABC  mYymanmMukñúgCamMuRsYc . cUrRsayfa ³ 
    

2

23
CcosBcosAcos   . 

*%> eK[ z;y;x  CacMnYnBitviC¢manEdl 1xyz   . cUrRsayfa ³ 
     

2

1

1x)1z(

1

1z)1y(

1

1y)1x(

1
222222 








. 

*^> eK[ c;b;a  CacMnYnBitviC¢manEdl 1abc   .  
      cUrRsayfa ³ 
       0)aa(c)cc(b)bb(a 222  . 
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*&> eK[ 0a...,,a,a n21   nig 0x...,,x,x n21   .  
      cUrRsaytamkMeNInfa  ³ 
     

n21

2
n21

n

2
n

2

2
2

1

2
1

x....xx

)a...aa(

x

a
...

x

a

x

a




  . 

**> eK[ c;b;a  CabIcMnYnBitviC¢manEdl 1abc   .  
     cUrbgðajfa 
     

2

3

)ba(c

1

)ac(b

1

)cb(a

1
333 








  ? 

*(> eK[ 0z;y;x    . cUrRsaybBa¢ak;fa ³ 
      

2

1

y3x2z

z

x3z2y

y

z3y2x

x









   

(0> eK[sIVút n21 a....;;a;a  epÞógpÞat;lkçxNÐ  ³ 
       ...;|1a||a|;0a 121   nig |1a||a| 1nn    .  
       cUrbgðajfa  

2

1

n

a...aa n21 
   . 

(!>eK[ c;b;a  CabIcMnYnBitviC¢man .  
     cUrbgðajfa ³ 
    )

abc

cba
1(2

a

c
1

c

b
1

b

a
1 3









 





 





    . 
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(@>eK[ c;b;a  CaRbEvgRCugrbs;RtIekaNmYy . 
     cUrbgðajfa ³ 
   cbabacacbcba    . 
(#>eK[RtIekaN ABC  mYymanmMukñúgCamMuRsYc . cUrbgðajfa ³ 
     CsinBsinAsin32CsinBsinAsin 222    . 
($>eK[ C;B;A  CamMukñúgrbs;RtIekaN ABC  mYy . 
     cUrbgðajfa   33

2

C
cot

2

B
cot

2

A
cot    

(%>eK[ C;B;A  CamMuRsYckñúgrbs;RtIekaN ABC  mYy . 
     cUrbgðajfa   3)31()Ctan1)(Btan1)(Atan1(   . 
(^>eK[ c;b;a  CabIcMnYnBitviC¢man . cUrRsayfa ³ 
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b¤ )3()cabcab()cba(
81

64
)ca()cb()ba( 22222    

tamvismPaB GMAM   eKman ³ 

acbcab
2

ac

2

cb

2

ba 222222








  

b¤ cabcabcba 222   
b¤ )4()cabcab(3)cba( 2   
tam )3(  nig )4(  eKTaj)an ³ 

33222 )cabcab()
3

4
()ac()cb()ba(   Bit 

dUcenH  
3222222 )cabcab()acac)(cbcb)(baba(    
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lMhat;TI16 
eK[ c,b,a  CabIcMnYnBitminGviC¢manEdl 1abc  .  cUrRsayfa  ³ 

2

3

ac

acb

cb

cba

ba

bac
22

33

22

33

22

33











   . 

tag 
22

33

22

33

22

33

ac

acb

cb

cba

ba

bac
T












    

tamvismPaB SchwarzCauchy   eKman ³ 

)ba)(ba()b.ba.a()ba( 3322

3

2

1

2

3

2

1
222   

eKTaj 3322 ba.baba    

b¤ )1(
ba

c

ba

bac
22

33





  .  RsaydUcKñaEdreK)an ³ 

)2(
cb

a

cb

cba
22

33





  nig )3(

ac

b

ac

acb
22

33





  

bUkvismPaB )3(&)2(),1(  eK)an ³ 

ba

c

ac

b

cb

a
T








  

tamvismPaB SchwarzCauchy   eK)an ³ 

)4()
ba

c

ac

b

cb

a
(3

ba

c

ac

b

cb

a 2222
























 

eday ba
ba

c
ac.

ac

b
cb.

cb

a
cba 
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eK)an³ 

)
ba

c

ac

b

cb

a
)](ba()ac()cb[()cba(

222
2








  

)
ba

c

ac

b

cb

a
)(cba(2)cba(

222
2








  

eKTaj )5(
2

3

2

abc3

2

cba

ba

c

ac

b

cb

a 3222













 

tam )5(&)4(  eK)an  
2

9

ba

c

ac

b

cb

a 2
















 

naM[  
2

3

ba

c

ac

b

cb

a









 enaH 

2

3
T   

dUcenH 
2

3

ac

acb

cb

cba

ba

bac
22

33

22

33

22

33











   . 
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lMhat;TI17 
eK[ c,b,a  CabIcMnYnBitviC¢man . cUrRsaybBa¢ak;vismPaB ³ 

1
)ba(c

c

)ac(b

b

)cb(a

a
33

3

33

3

33

3










  . 

tag 
33

3

33

3

33

3

)ba(c

c

)ac(b

b

)cb(a

a
S








  

yk 
c

ba
z,

b

ac
y,

a

cb
x








  

eK)an 
333 z1

1

y1

1

x1

1
S








  

tamvismPaB GMAM   RKb; 0u   eKman ³ 
22

22
23 )x

2

1
1(

2

xx1x1
)xx1)(x1(x1 









 
  

eKTaj)an 
2

223

a2

)cb(
1

1

x
2

1
1

1

x1

1










 

eday  
2

222

2

22

2

2

a

cba

a2

)cb(2
1

a2

)cb(
1








  

eKTaj)an 
222

2

3 cba

a

x1

1





 

dUcenH 1
cba

c

cba

b

cba

a
S

222

2

222

2

222

2










    . 
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lMhat;TI18 
cMeBaHRKb;cMnYnBitviC¢man c,b,a  cUrRsayfa ³ 

2

3

ac

c

cb

b

ba

a









  

yk 
ac

c

cb

b

ba

a
S








  

tag 
c

a
z,

b

c
y,

a

b
x    ehIy 1xyz   

eK)an 
222 z1

1

y1

1

x1

1
S








  

]bmafa zyx   eK)an 1xyzx3   b¤ 1x   ehIy 1
x

1
yz   

tamvismPaB SchwarzCauchy   eKman ³ 
)

z1

1

y1

1
(2)

z1

1

y1

1
( 22

2
22 










 

eday 
2222

22

2222

22

22 zyzy1

zy1
1

yzzy1

zy2

z1

1

y1

1














 

ehIy 
yz1

yz1

zyyz21

)yz1)(yz1(

zyzy1

yz1
222222

22











  

eK)an 
yz1

4
)

yz1

yz1
1(2

z1

1

y1

1
2

22 
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eKTaj)an  
yz1

2

z1

1

y1

1
22 






 

ehtuenH 
yz1

2

x1

1
S

2 



   

eyIgnwgRsayfa 
2

3

yz1

2

x1

1
2







  

eKman )x1(2)x1( 22   b¤  2x1.2x1   
enaH 

yz1

yz2

yz

1
1

2

x1

2

x1

1
2 










 

naM[  
yz1

2

yz1

yz2

yz1

2

x1

1
2 










 

ehIy 
2)yz1(

yz122yz2)yz1(3

yz1

2

yz1

yz2

2

3










  

                                              
0

2)yz1(

)yz12(

2)yz1(

yz122yz3

2












 

eKTaj  
2

3

yz1

2

yz1

yz2

yz1

2

x1

1
2













 Bit 

dUcenH 
2

3

ac

c

cb

b

ba

a









  . 
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lMhat;TI19 
cMeBaHRKb;cMnYnBitminGviC¢man z,y,x  cUrRsayfa ³ 

)xyz1)(z1)(y1)(x1()z1)(y1)(x1(2 222    
ebI xzy   enaHvismPaBeTACa  )x1()x1()x1(2 3332   
smmUl 0)x1()x1()x1(2 3332   
smmUl  0)xx1()x1( 24    Bit 

ehtuenHeK)an  















)z1()z1()z1(2

)y1()y1()y1(2

)x1()x1()x1(2

3332

3332

3332

 

KuNvismPaBenHGgÁnigGgÁeK)an ³ 
P)]z1)(y1)(x1[()]z1)(y1)(x1(2[ 33222   

b¤ (*)P)z1)(y1)(x1()z1)(y1)(x1(2 3222   
Edl )z1)(y1)(x1(P 333   
          333333333333 zyx)xzzyyx()zyx(1   
tamvismPaB GMAM   eK)an ³ 

33333 6663 333 )xyz1(zyxzyx3zyx31P   
tamTMnak;TMng (*)  eK)an ³ 

)xyz1)(z1)(y1)(x1()z1)(y1)(x1(2 222   Bit. 
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lMhat;TI20 
cMeBaHRKb;cMnYnBitminGviC¢man d,c,b,a  cUrRsayfa ³ 

22222 )abcd1()dd1)(cc1)(bb1)(aa1(4    
ebI abcd   vismPaBkøayCa 2442 )a1()aa1(4   
smmUl 422 a1)aa1(2   
smmUl 0)a1()a1()aa1(2 4422    Bit 

ehtuenH 









422

422

b1)bb1(2

a1)aa1(2  

eK)an )b1)(a1()bb1()aa1(4 442222    
eday 4422444444 baba21ba)ba(1)b1)(a1(   
b¤  22244 )ba1()b1)(a1(   
eKTaj 2222222 )ba1()bb1()aa1(4   
b¤  )1(ba1)bb1)(aa1(2 2222   
dUcKñaEdr )2(dc1)dd1)(cc1(2 2222   
ehIy 22222 )abcd1()dc1)(ba1(   
eFIVplKuNvismPaB )1(  nig )2(  eK)an  ³ 

22222 )abcd1()dd1)(cc1)(bb1)(aa1(4    
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lMhat;TI21 ( Tournament of the Towns,1993) 

ebIsmIkar 01bxx2axx 234   manb¤sy:agticmYyCacMnYnBit 
enaHbgðajfa 8ba 44   . 
tag IRx0   Edl 0x0  Cab¤srbs;smIkarenaHeK)an ³ 

01bxx2axx 0
2

0
3

0
4

0   b¤ 22
00

3
0 )1x(bxax   

tamvismPaB SchwarzCauchy   eK)an ³ 
)ba)(xx()bxax()1x( 222

0
6

0
2

0
3

0
4

0   
eKTaj  

2
0

6
0

42
022

xx

)1x(
ba




  

eyIgnwgRsayfa 8
xx

)1x(
2

0
6

0

42
0 

   

eKman 1x4x6x4x)xx(8)1x( 0
2

0
3

0
4

0
2

0
6

0
42

0    
b¤ 0)1x()xx(8)1x( 4

0
2

0
6

0
42

0   

eKTaj)an 8
xx

)1x(
2

0
6

0

42
0 

  Bit 

dUcenH 8ba 44   . 
 
 
 



vismPaBeRCIserIs 
 

  

      eroberogeday lwm plÁún                                                                                    - Page 47 - 

lMhat;TI22 
cUrRsaybBa¢ak;fa ³ 

)cba(4

9

)ba(

c

)ac(

b

)cb(

a
222 









  

cMeBaHRKb; c,b,a  CacMnYnBitviC¢man . 
tamvismPaB SchwarzCauchy   ³ 

2
332211

2
3

2
2

2
1

2
3

2
2

2
1 )bababa()bbb)(aaa(   

yk 
ba

c
a,

ac

b
a,

cb

a
a 321 







  
nig  cb,bb,ab 321   eK)an ³ 

2

222 ba

c

ac

b

cb

a
)cba(

)ba(

c

)ac(

b

)cb(

a
































  

eday 
2

3

ba

c

ac

b

cb

a









  ¬emIllMhat;TI5¦ 

eKTaj  
4

9
)cba(

)ba(

c

)ac(

b

)cb(

a
222

















  

dUcenH  
)cba(4

9

)ba(

c

)ac(

b

)cb(

a
222 









   . 
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lMhat;TI23 ( JBMO 2002 Shortlist) 

cUrRsaybBa¢ak;fa   
a

c

c

b

b

a

a

c

c

b

b

a 222

2

3

2

3

2

3

    

cMeBaHRKb; c,b,a CacMnYnBitviC¢man . 
tamvismPaB SchwarzCauchy   ³ 

2
332211

2
3

2
2

2
1

2
3

2
2

2
1 )bababa()bbb)(aaa(   

yk ca,ba,aa 321   
nig  

a

cc
b,

c

bb
b,

b

aa
b 321   eK)an ³ 

)1(
a

c

c

b

b

a

a

c

c

b

b

a
)cba(

2222

2

3

2

3

2

3






















  

ebIeKyk 
a

c
a,

c

b
a,

b

a
a 321   

nig ab,cb,bb 321    eK)an ³ 

)2()cba()cba(
a

c

c

b

b

a 2
222











  

KuNvismPaB )1(  nig )2(  GgÁ nig GgÁ rYcsRmYlktþa 2)cba(   

nig 
a

c

c

b

b

a 222

  eK)an  
a

c

c

b

b

a

a

c

c

b

b

a 222

2

3

2

3

2

3

 Bit  . 

dUcenH 
a

c

c

b

b

a

a

c

c

b

b

a 222

2

3

2

3

2

3

    . 
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lMhat;TI24 ( Crux Mathematicorum) 

eK[ z,y,x  CabIcMnYnBitviC¢man . cUrRsaybBa¢ak;fa ³ 
1

)yz)(xz(z

z

)xy)(zy(y

y

)zx)(yx(x

x









  

eKman zxyzx2xyxzyzxyx)zx)(yx( 2   

          
)zyx(xxzxyx)zx)(yx(x

xzxy)zx)(yx(

)xzxy()zx)(yx( 2







 

eKTaj   )1(
zyx

x

)zx)(yxx

x





 

RsaydUcKñaEdr )2(
zyx

y

)xy)(zy(y

y





 

nig )3(
zyx

z

)yz)(xz(z

z





 

eFIVplbUkvismPaB )3(&)2(),1(  eK)an ³ 
1

)yz)(xz(z

z

)xy)(zy(y

y

)zx)(yx(x

x
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lMhat;TI25  
RKb;cMnYnBitviC¢man c,b,a  cUrRsaybBa¢ak;fa ³ 

























ba

c

ac

b

cb

a
4

c

ba

b

ac

a

cb   

tamvismPaB GMAM   RKb; 0y,0x  eKman ³ 
      xy

2

yx


    
b¤  xy4)yx( 2    
b¤  

y

1

x

1

xy

yx

yx

4






 

yk 
a

b
x   nig 

a

c
y    eK)an )1(

c

a

b

a

cb

a4



 

dUcKñaEdr )2(
a

b

c

b

ac

b4



nig )3(

b

c

a

c

ba

c4



 

eFIVplbUkvismPaB )3(&)2(),1(  eK)an ³ 

b

ac

a

cb

c

ba

ba

c4

ac

b4

cb

a4 















 

dUcenH 























ba

c

ac

b

cb

a
4

c

ba

b

ac

a

cb   . 
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lMhat;TI26 ( MOSP,2001) 

eK[ c,b,a  CabIcMnYnBitviC¢manEdl 1abc    . 
cUrRsayfa )1cba(4)ac)(cb)(ba(     
man )1(abc)ac)(cb)(ba()cabcab)(cba(   
tamvismPaB GMAM   eKman ³ 

)2(abc8ac2.bc2.ab2)ca)(cb)(ba(   
yk )1(  CMnYskñúg )2(  eK)an ³ 

)cabcab)(cba(
9

8
)ac)(cb)(ba(   

edIm,Ibgðajfa )1cba(4)ac)(cb)(ba(   
eyIgRtUvRsayfa )1cba(4)cabcab)(cba(

9

8
 Bit 

b¤ 1
cba

1
)cabcab.(

9

2



  Bit 

tamvismPaB GMAM   eK)an ³ 
3

2

)cba(81

)cabcab(
3

cba

1

9

cbcab

9

cabcab











  

b¤ 1
)cba(3

)cabcab(

cba

1
)cabcab(

9

2
3

2








  Bit 

eRBaH )cba(3)cba(abc3)cabcab( 2   . 
dUcenH )1cba(4)ac)(cb)(ba(    . 
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lMhat;TI27 ( APMO,2004) 

cUrbgðajfa )cabcab(9)2c)(2b)(2a( 222     
cMeBaHRKb;cMnYnBitviC¢man c,b,a   . 
eKman )cabcab(3)cba( 2   
edIm,Ibgðajfa )cabcab(9)2c)(2b)(2a( 222   
eyIgRtUvbgðajfa 2222 )cba(3)2c)(2b)(2a(   

eKman 
3

1u
1

3

2u 22 


  enaHvismPaBGacsresr ³ 

9

)cba(
)

3

1c
1)(

3

1b
1)(

3

1a
1(

2222 









    

tamsmPaB xyyx1)y1)(x1(   
ebI x  nig y  mansBaØadUcKñaenaH 0xy   
ehtuenH yx1)y1)(x1(   RKb;cMnYnBit  y,x  . 
-ebI 0z,0y,0x   b¤ 0z,0y,0x  eK)an ³ 
  )1(zyx1)z1)(yx1()z1)(y1)(x1(   
-ebI 0z1,0y1,0x1   enaH yx   nig z  
  mansBaØadUcKña ehIy zyx1)z1)(yx1(   
  eK)an   zyx1)z1)(y1)(x1(   
eyIgsikSavismPaBtambIkrNIdUcxageRkam ³ 
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!-ebI 1c,b,a    enaH 0
3

1c
,0

3

1b
,0

3

1a 222








   

 tamlkçN³ )1(  eK)an ³ 

3

3cba
1)

3

1c
1)(

3

1b
1)(

3

1a
1(

222222 









    

3

cba
)

3

1c
1)(

3

1b
1)(

3

1a
1(

222222 









    

eday 
9

)cba(

3

cba 2222 


   ¬ SchwarzCauchy  ¦ 

eK)an 
9

)cba(
)

3

1c
1)(

3

1b
1)(

3

1a
1(

2222 









   Bit 

@-ebI 1c,b,a0   enaH 0
3

1c
,0

3

1b
,0

3

1a 222








  

tamlkçNH )2(  eK)an ³ 

3

3cba
1)

3

1c
1)(

3

1b
1)(

3

1a
1(

222222 









     

9

)cba(

3

cba
)

3

1c
1)(

3

1b
1)(

3

1a
1(

2222222 












 Bit 

#-ebI c,b,a  manBIrEdlFMCag 1 enaHeyIgsn μtfa 1c,1b,1a   

eK)an 
3

ba1

3

2ba
1)

3

1b
1)(

3

1a
1(

222222 









  

enaH 
9

)2c)(ba1(
)

3

1c
1)(

3

1b
1)(

3

1a
1(

222222 
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eday 2222 )cba()11c)(ba1(      

eK)an 
9

)cba(
)

3

1c
1)(

3

1b
1)(

3

1a
1(

2222 









   Bit . 

$-cMeBaHkrNI EdlRtIFatu c,b,a  manEtmYyKt;EdlFMCag 1 sikSadUc 
    krNITI! . 
srubcMeBaHRKb;cMnYnBitviC¢man c,b,a  eK)an ³ 

)cabcab(9)2c)(2b)(2a( 222     . 
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lMhat;TI28 ( Japan,1997) 

eKyk c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 

5

3

c)ba(

)cba(

b)ac(

)bac(

a)cb(

)acb(
22

2

22

2

22

2













    

tag 22

2

22

2

22

2

c)ba(

)cba(

b)ac(

)bac(

a)cb(

)acb(
T













   

yk 
c

ba
z,

b

ac
y,

a

cb
x








  

eK)an 1
cba

cba

z1

1

y1

1

x1

1














 ehIykenSam T eTACa 

1z

)1z(

1y

)1y(

1x

)1x(
T 2

2

2

2

2

2












 . 

ebI 2zyx   eK)an 
5

3
T    CakrNIEdlvismPaBkøayCasmPaB . 

eyIgsnμtfamanBIrcMnYnBit a  nig b  EdlnaM[  b
1x

a

1x

)1x(
2

2






 Bit 

RKb; 0x   ehIyeday 1
1z

1

1y

1

1x

1









 enaHedIm,I[ 

5

3
T   

luHRtaEt 
5

3
)b

1z

a
()b

1y

a
()b

1x

a
( 








 

naM[ (*)
5

3
b3a     

müa:geTotedaysmPaBekIteLIgcMeBaH 2x   enaH 2x   Cab¤sDúb 
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rbs;smIkar  b
1x

a

1x

)1x(
2

2






   

b¤  0)bxba)(1x()1x)(1x( 22   
tag )bxba)(1x()1x)(1x()x(f 22   

2x   Cab¤sDúbén 0)x(f   enaH 0)2('f   
eday )1x(b)bxba(x2)1x(2)1x()x('f 222   
enaH 0b5

5

3
47b5)b3a(461)2('f   

eKTaj)an 
25

23
b   ehIytam (*)  eK)an 

25

54
b3

5

3
a   

eK)an 
)1x(25

54

25

23

1x

)1x(
2

2





  smmUl 0

)1x)(1x(25

)7x()2x(2
2

2



 Bit 

ehtuenH )1(
)1x(25

54
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lMhat;TI32 
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lMhat;TI33 ¬USAMO 2011¦ 
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lMhat;TI34 ¬USAMO 2004¦ 
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lMhat;TI35 ¬USAMO 1997¦ 
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lMhat;TI36 ¬USAMO 1991¦ 
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lMhat;TI39 (Austrian Olympiad 1989) 
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lMhat;TI40  (Selection test for JBMO 2007) 
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lMhat;TI41 ¬RMC 2000¦ 
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lMhat;TI42 ¬RMC 2004¦ 
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lMhat;TI43 ¬JBMO 2003¦ 
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x

y

y
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y

y
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(
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3

3
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bUkvismPaB )3(,)2(,)1(  nig )4(  eK)an ³ 

xyz

)zyx(3
)

xy

z

zx

y

yz

x
(3)

x

y

y

z

z

x

x

z

z

y

y

x
(

2

3 333222

3

3

3

3

3

3

3

3

3

3

3

3 
  

eKTaj 
xyz

)zyx(2

x

y

y

z

z

x

x

z

z

y

y

x 333

3

3

3

3

3

3

3

3

3

3

3
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cba
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a

c
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c

b
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b

a
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lMhat;TI59 ¬Romania 2002¦ 

eKyk c,b,a  CacMnYnBiténcenøaH )1,0(  .  
cUrbgðajfa 1)c1)(b1)(a1(abc   . 
cMeBaHRKb;cMnYnBit z,y,x  éncenøaH )

2
,0(
   

eKyk zcosc,ycosb,xcosa 222   
vismPaBsmmUl 1zsinysinxsinzcosycosxcos     
eday )

2
,0(z


  eKman 1zcos   nig 1zsin   
eKTaj ycosxcoszcosycosxcos   nig ysinxsinzsinysinxsin   
¬ eRBaH 0ysinxsin;0ycosxcos    ¦ 
naM[ ysinxsinycosxcoszsinysinxsinzcosycosxcos   
       )yxcos(zsinysinxsinzcosycosxcos   
eday 1)yxcos(   enaH 1zsinysinxsinzcosycosxcos    Bit 
dUcenH 1)c1)(b1)(a1(abc    . 
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lMhat;TI60 ¬Poland 2006¦ 

eKyk c,b,a  CacMnYnBitviC¢manEdl abccabcab   
cUrbgðajfa 1

)ac(ca

ac

)cb(bc

cb

)ba(ab

ba
33

44

33

44

33

44











  . 

eKman 1
c

1

b

1

a

1
abccabcab   

tag 
c

1
z,

b

1
y,

a

1
x    enaH 1zyx    ehIyvismPaBsmmUl 

1
xz

xz

zy

zy

yx

yx
33

44

33

44

33

44











   . 

tamvismPaB Tchebyshev  eKman 
2

yx
.

2

yx

2

yx 3344 


  

eKTaj )1(
2

yx

yx

yx
33

44 



  

RsaydUcKñaEdreK)an )2(
2

zy

zy

zy
33

44 



  nig )3(

2

xz

xz

xz
33

44 



  

bUkvismPaB )2(,)1( nig )3(   eK)an ³ 
1zyx

xz

xz

zy

zy

yx

yx
33

44

33

44

33

44
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lMhat;TI61 ¬Kazakhstan 2008¦ 

eKyk z,y,x  CacMnYnBitviC¢manEdl 1xyz   
cUrbgðajfa 

2

3

yxy

1

xzx

1

zyz

1









 . 

tag 
a

c
z;

c

b
y;

b

a
x    enaH  1xyz   

vismPaBsmmUl 
2

3

ba

c

ac

b

cb

a









 

tag 
bcac

c

abbc

b

acab

a

ba

c

ac

b

cb

a
T

222

















  

tamvismPaB SchwarzCauchy   eK)an 
)cabcab(2

)cba(
T

2




  

tamvismPaB GMAM   eKman  

)cabcab(3)cba(

cabcabcba

cabcab
2

ac

2

cb

2

ba

2

222

222222














 

eKTaj)an  
2

3
T    Bit  . 
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2

3

yxy

1

xzx

1
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lMhat;TI62 ¬Korea 2000 ¦ 

cMnYnBit  z,y,x,c,b,,a  epÞógpÞat; 0cba   nig 0zyx    
cUrbgðajfa  

4

3

)bxay)(byax(

zc

)azcx)(axcz(

yb

)cybz)(czby(

xa 222222










   . 

eday 0cba   nig 0zyx   
eK)an 0czbycybz)yz)((cb(   b¤  czbycybz   
eKTaj )zcyb(2)czby()cybz)(czby( 22222   
ehtuenH )1(

ZY

X
.

2

1

)zcyb(2

xa

)cybz)(czby(

xa
2222

2222








 

Edl 222222 zcZ,ybY,xaX    . 
RsaydUcKñaEdreK)an   

)3(
YX

Z
.

2

1

)bxay)(byax(

zc
,)2(

XZ

Y
.

2

1

)azcx)(axcz(

yb 2222








 

tag
)bxay)(byax(
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)azcx)(axcz(

yb

)cybz)(czby(
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T

222222








   

eK)an )
YX

Z

XZ

Y

ZY

X
(

2

1
T








   . 

tamvismPaB GMAM   eKman ³ 
3 )XZ)(ZY)(YX(3)XZ()ZY()YX(   

b¤ )i()XZ)(ZY)(YX(
2

3
ZYX 3   
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ehIy )ii(
)XZ)(ZY)(YX(

3

YX

1
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1
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1
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KuNvismPaB )i(  nig )ii(  GgÁ nig GgÁ eK)an ³ 
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2
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Z
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X
2

9

YX

ZYX

XZ
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4
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xa 222222
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lMhat;TI63 ¬Ireland 2002¦ 

cUrbgðajfa  
3

3

xyz1

xyz3

z1

z

y1

y

x1

x











    

cMeBaHRKb; 1z,y,x0    . 
tagGnuKmn_ 1

x1

1

x1

x
)x(f 





   Edl 1x0     

eK)an 
2)x1(

1
)x('f


  ehIy 0

)x1(

2
)x(''f

3



   cMeBaH 1x0   

naM[ )x(f  CaGnuKmn_e)a:g . 
tamRTwsþIbT Jensen  cMeBaHRKb; 1z,y,x0    eK)an 

)
3

zyx
(f3)z(f)y(f)x(f


  

eday 0
)x1(

1
)x('f

2



  naM[ )x(f  CaGnuKmn_ekIn . 

tamvismPaB GMAM    eKman 3 xyz
3
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eKTaj )xyz(f)
3

zyx
(f 3

 ehtuenH )xyz(f3)z(f)y(f)x(f 3  
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lMhat;TI64 ¬IMO 2001¦ 

cUrbgðajfacMeBaHRKb; c,b,a  CacMnYnBitviC¢maneK)an ³ 
1

ab8c

c

ca8b

b

bc8a

a
222










  . 

bgðajfa  1
ab8c

c

ca8b

b

bc8a

a
222










   

tagGnuKmn_ 
x

1
)x(f     Edl 0x   

eK)an 
3x2

1
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x4

3
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5
  cMeBaHRKb; 0x     

naM[ )x(f  CaGnuKmn_e)a:g .  
tamvismPaB Jensen  RKb; 0c,b,a  eK)an 

)
cba

czbyax
(f

cba

)z(cf)y(bf)x(af






  

eday  ab8cz,ca8by,bc8ax 222    eK)an ³ 

)i(
abc24cba

)cba(

ab8c

c

ca8b

b

bc8a

a

abc24cba

cba

cba
ab8c

c

ca8b

b
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eKman )ac)(cb)(ba(3cba)cba( 3333   
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tamvismPaB GMAM   eKman 















ca2ac

bc2cb

ab2ba

 

naM[ abc8ca2.bc2.ab2)ac)(cb)(ba(   
eKTaj)an abc24cba)cba( 3333   
b¤ )ii(1

abc24cba

)cba(
333
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tamTMnak;TMng )i(  nig )ii(  eKTaj)an ³ 

1
ab8c

c

ca8b

b
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a
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lMhat;TI65 ¬Bulgaria 2007¦ 
cUrbgðajfacMeBaHRKb; c,b,a  CacMnYnBitviC¢maneK)an ³ 

3cba
1cb3

)1a)(1c(

1ba3

)1c)(1b(

1ac3

)1b)(1a(
3 22

2

3 22

2

3 22

2














   . 

tamvismPaB GMAM    eK)an 

3 22

3 223 22

ac31)1c)(1a(

ac311accaac3acca



  

eKTaj)an )1(
1c

)1b(

1ac3

)1b)(1a( 2

3 22

2







  

RsaydUcKñaEdreK)an  
)3(

1b

)1a(

1cb3

)1a)(1c(
,)2(

1a

)1c(

1ba3

)1c)(1b( 2

3 22
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3 22
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bUkvismPaB )3(,)2(,)1(  eK)an ³ 
3cba
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1ba3

)1c)(1b(

1ac3

)1b)(1a(
3 22

2

3 22

2

3 22

2














   

eRBaH 3cba
3cba
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)1c(
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lMhat;TI66 ¬APMO 2007¦ 
eK[ z,y,x CacMnYnBitviC¢manEdl 1zyx    . 
cUrRsayfa ³ 

1
)yx(z2

xyz

)xz(y2

zxy

)zy(x2

yzx
2

2

2

2

2

2














   . 

eKman 
)zy(x2

x)zy(

)zy(x2

yzx)zy(x

)zy(x2

yzx
22

2

2

2













  

                             
2

zy

)zy(x2

)zx)(yx(
2







  

eday 
2

zy

2

zy
)zy(2)zy( 2 




  

eKTaj )1(
2

zy

)zy(x2

)zx)(yx(

)zy(x2

yzx
22

2 









   

RsaydUcKñaEdreK)an ³ 

)3(
2

yx

)yx(z2

)yz)(xz(

)yx(z2

xyz

)2(
2

xz

)xz(y2

)xy)(zy(

)xz(y2

zxy

22

2

22
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bUkvismPaB )3(,)2(,)1(  eK)an ³ 
zyx

)yx(z2

)yz)(xz(

)xz(y2

)xy)(zy(

)zy(x2

)zx)(yx(
S
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Edl 
)yx(z2

xyz

)xz(y2

zxy

)zy(x2

yzx
S

2

2

2

2

2

2














    . 

]bmafa zyx    eK)an 0
)zy(x2

)zx)(yx(
2




  

ehIy      
 
































)xz(y2

yx

)yx(z2

zx
)zy(

)yx(z2

)yz)(xz(

)xz(y2

)xy)(zy(
2222

  

eday 0yxzx    eKTaj ³ 
































)xz(y2

yx

)yx(z2

yx
)zy(

)yx(z2

)yz)(xz(

)xz(y2

)xy)(zy(
2222

 




























)xz(y2

1

)yx(z2

1
)yx()zy(

)yx(z2

)yz)(xz(

)xz(y2

)xy)(zy(
2222

  

eday )yx(zxzyzzyzy)xz(y 222222   
eKTaj 0

)xz(y2

1

)yx(z2

1
22







  ehIy 0)yx)(zy(   

eKTaj 0
)yx(z2

)yz)(xz(

)xz(y2

)xy)(zy(
22









  naM[ 1zyxS   

dUcenH 1
)yx(z2

xyz

)xz(y2

zxy

)zy(x2

yzx
2

2

2

2

2

2
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lMhat;TI67 ¬Baltic 2008 ¦ 
ebIcMnYnBitviC¢man c,b,a  epÞógpÞat; 3cba 222    
enaHcUrbgðajfa ³ 

12

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2 









  . 

tamvismPaB SchwarzCauchy     eK)an ³ 

222

2

2

2

2

2

2

2

cbacba6

)cba(

ba2

c

ac2

b

cb2

a













       

cba9

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2













    
 eRBaH 3cba 222   . 
eKman 3cba9)cba(3)cba( 2222   
b¤  

12

)cba(

cba9

)cba(
12cba9

22 





  

dUcenH 
12

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2 
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lMhat;TI68 ¬Canada 2008¦ 
eKmancMnYnBitviC¢man c,b,a  epÞógpÞat; 1cba   .  
cUrbgðajfa    

2

3

abc

abc

cab

cab

bca

bca











      .  

bgðajfa 
2

3

abc

abc

cab

cab

bca

bca











      

eKman )1(
)ca)(ba(

bc2

)b1)(c1(

bc2

bccb1

bc2

bca

bca
1













  

dUcKñaEdr )2(
)ab)(cb(

ca2

cab

cab
1







    

nig )3(
)bc)(ac(

ab2

abc

abc
1







  

bUkvismPaB )3(,)2(,)1(  eK)an ³ 

)bc)(ac(

ab2

)cb)(ba(

ca2

)ca)(ba(

bc2
)

abc

abc

cab

cab

bca

bca
(3





















   





























)bc)(ac(

ab2

)cb)(ba(

ca2

)ca)(ba(

bc2
3

abc

abc

cab

cab

bca

bca   

]bmafa 
2

3

abc

abc

cab

cab

bca

bca











     Bit 

eKTaj 
2

3

)bc)(ac(

ab2

)cb)(ba(

ca2

)ca)(ba(

bc2
3 
















    

b¤ 
2

3

)bc)(ac(

ab2

)cb)(ba(

ca2

)ca)(ba(

bc2

















   

smmUl )ac)(cb)(ba(3)]ba(ab)ac(ca)cb(bc[4   
smmUl abc9cabcab    . 
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tamvismPaB GMAM   eKman ³ 
3 abc3cba    nig 

3 abc

3

c

1

b

1

a

1
  

eKTaj 9)
c

1

b

1

a

1
)(cba(   

b¤ abc9)cabcab)(cba(   
eday 1cba   enaH abc9cabcab    Bit 
dUcenH 

2

3

abc

abc

cab

cab

bca

bca
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lMhat;TI69 ¬Lithuania 2006¦ 
eK[ c,b,a Ca cMnYnBitviC¢man.  
cUrbgðajfa    )

ca

1

bc

1

ab

1
(

2

1
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1

cab

1

bca

1
222










     .  

bgðajfa  )
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tamvismPaB GMAM   eK)an ³ 

)1(
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1
.
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1
.

2

1

bca

1
bc.ab2bca2bca

2
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RsaydUcKñaEdreK)an ³ 
)3(

ab

1
.

ca

1
.

2

1

abc

1
;)2(
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1
.
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1
.

2

1

cab
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bUkvismPaB )3(,)2(,)1(   eK)an ³ 

)
ab

1
.
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.
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1
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1
.

ab

1
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1
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1
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lMhat;TI70 ¬USAMO 1991¦ 
eK[ d,c,b,a   CacMnYnBitviC¢man .  

)ad)(ad(

d

)dc)(dc(

c

)cb)(cb(

b

)ba)(ba(

a
S

22

4

22

4

22

4

22

4











  

cUrbgðajfa 
4

dcba
S
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bgðajfa 
4
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tamvismPaB SchwarzCauchy   eKman )ba(2)ba( 222   
KuNvismPaBnwg 22 ba   eK)an 222222 )ba(2)ba()ba(   
eday )ba(2)ba( 44222   enaH )ba(4)ba()ba( 44222   
eKTaj 

4

ba

)ba)(ba(
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eKman )ba)(ba)(ba(a2)ba(a2ba 22444444   
eK)an 

4
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dUcenH 
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lMhat;TI71 
eK[cMnYnBitviC¢man n21 x....,,x,x  ehIyeKtag  

n21n x...xxS    . cUrRsayfa ³ 
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lMhat;TI72 ¬Turkey National Olympiad 2010¦ 
cMeBaHRKb;cMnYnKt;viC¢man  n  nig cMeBaHRKb;cMnYnBitviC¢man  
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lMhat;TI73 ¬IMO Shortlist 2009¦ 
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lMhat;TI74 ¬Turkey Team Selection Tests 2008¦ 
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lMhat;TI75 ¬ Turkey Team Selection Tests 2010¦ 
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lMhat;TI76 ¬Turkey National Olympiad 2005 ¦ 
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lMhat;TI77 ¬Vietnam Team Selection Tests 2010¦ 
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lMhat;TI78  
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lMhat;TI79 ¬Indonesia Team Selection test 2010¦ 
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lMhat;TI80 
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lMhat;TI1  
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lMhat;TI82 ¬IMO Longlist 1992¦ 
cMeBaHRKb;cMnYnBitviC¢man c,b,a  eKkMNt;tag

3

cba
A


  

3 abcG    nig 
c
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1

a

1
3

H
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cUrRsayfa 
H

A
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4
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1
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A
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4

3
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)
c

1

b
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1
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4
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a

1
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3
abc
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1
)
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tamvismPaB GMAM   eyIg)an 

3 abc3cba    naM[ )1(abc27)cba( 3   
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cabcabcba

cabcab
2

ac

2

cb

2

ba
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222222












 

EfmGgÁTaMgBIrnwg ca2bc2ab2   eK)an ³ 

)2()cabcab(9)cba(3

)cabcab(3)cba(
3

2



  

bUkvismPaB )2(&)1(  eK)an ³ 
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4
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lMhat;TI83 ¬IMO 1969 ¦ 
eK[cMnYnBit 212121 z,z,y,y,x,x  epÞógpÞat; 0x,0x 21   

0zyx 2
111   nig 0zyx 2

222    . 
cUrRsaybBa¢ak;fa ³ 
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zyx

1

zyx

1

)zz()yy)(xx(

8
2
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2
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2

212121 






 

tag 0zyxb;0zyxa 2
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2
111    

nig 2
212121 )zz()yy)(xx(c   

eday 0x1   nig 0x2   enaH 0
x
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y

1

2
1
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  nig 0y2   

211221
2

222
2

111 zz2yxyx)zyx()zyx(c   
211221 zz2yxyxbac   

eday 2
111 zyxa    enaH 

1

2
1

1 y
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x
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2

2
2
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x
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2

2
2

1
1

2
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(y)

y
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2

2
2

1
1
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2
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y
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y
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y
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y

y
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2
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1
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b
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y

y
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2

1

1
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y

y
a

y

y

2

1

1
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eyIg]bmafavismPaB (*)  BiteBalKW  

b

1

a

1

c

8
  Bit 

eK)an 
ba

ab8
c


  eday 2)ba(c    ¬tamvismPaB )1(  ¦ 

eyIgnwgRsayfa 
ba

ab8
)ba( 2


  

smmUl ab8)ba)(ba( 2  . tamvismPaB GMAM   ³ 
ab2ba    ehIy ab4)ba( 2   

enaH ab8)ba)(ba(    Bit 
dUcenH   

2
222

2
111

2
212121 zyx

1
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1

)zz()yy)(xx(
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2
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lMhat;TI82 
cUrRsaybBa¢ak;fa 333 )

b
1

a
1

)(ba(2
a
b

b
a

   
cMeBaHRKb;cMnYnBitviC¢man a  nig b  . 
edayKuNGgÁTaMgBIrénvismPaBnwg 3 ab  eK)an ³ 

3 23 23 2 )ba(2ba   
tag 3 ax   nig 3 by     
eK)an (*))yx(2yx 3 3322   
tamvismPaB GMAM   eKman ³ 

2433336 yx3yxyxx    nig 4233336 yx3yxyxy   
bUkvismPaBTaMgBIrenHGgÁnigGgÁeK)an ³ 

42246336 yx3yx3yyx4x   
EfmGgÁTaMgBIrénvismPaBnwg 66 yx   eK)an 

322233

6422466336

)yx()yx(2

yyx3yx3x)yyx2x(2



  

eKTaj 3 3322 )yx(2yx   naM[ (*)Bit . 
dUcenH  333 )

b

1

a

1
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a

b

b

a
    RKb; 0b;0a  . 
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lMhat;TI84  
eK[RtIekaN ABC  mYymanmMukñúgCamMuRsYc . cUrRsayfa ³ 

2

23
CcosBcosAcos   . 

tamvismPaB Cauchy-Schwartz eyIg)an³ 
)1()CcosBcosA(cos3)CcosBcosAcos( 2   

tag CcosBcosAcosT   

         
2

CB
cos

2
A

sin2
2
A

sin21

2
CB

cos
2

CB
cos2

2
A

sin21

2
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eRBaH 
2

A
sin

2

A

2
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2

CB
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2
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2
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2
3

)
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A

sin21(
2
1

2
3

2
A
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2
A
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2
3
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2
9
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dUcenH   
2
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lMhat;TI85  
eK[ z;y;x  CacMnYnBitviC¢manEdl 1xyz   . cUrRsayfa ³ 

2

1
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1
222222 
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ehtuenH  1
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lMhat;TI86 ¬USAMO 1991¦ 
eK[ c;b;a  CacMnYnBitviC¢manEdl 1abc   . cUrRsayfa ³ 
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eday 1abc   enaHeKGactag 2
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z
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(
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(
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(
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lMhat;TI87  
eK[ 0a...,,a,a n21   nig 0x...,,x,x n21   .  
cUrRsaytamkMeNInfa  ³ 
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2
n21
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2
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2
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lMhat;TI88  
eK[ c;b;a  CabIcMnYnBitviC¢manEdl 1abc   .  
cUrbgðajfa 
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3
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lMhat;TI89 
eK[ 0z;y;x    . cUrRsaybBa¢ak;fa ³ 

2

1
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z

x3z2y
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T
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2

1
T 222

2





  

         0
)zxyzxy(5zyx

)xz()zy()yx(
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lMhat;TI90 
eK[sIVút n21 a....;;a;a  epÞógpÞat;lkçxNÐ  ³ 

...;|1a||a|;0a 121   nig |1a||a| 1nn    .  
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eK)an  










 

n

1k
k

2
k

1n

1k
1k

1n

1k

2
1k

2
k )1a2a()1a2a()a(  
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lMhat;TI91 
eK[ c;b;a  CabIcMnYnBitviC¢man .  
cUrbgðajfa ³ 
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a
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a
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c

c
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lMhat;TI92 
eK[ c;b;a  CaRbEvgRCugrbs;RtIekaNmYy . 
 cUrbgðajfa ³ 

cbabacacbcba    . 
eday c;b;a  CaRbEvgRCugrbs;RtIekaNenaHeK)an ³ 

0bac;0acb;0cba   
tamvismPaB SchwartzCauchy  eK)an ³ 

)3(c2bacacb

)2(a2baccba

)1(b2acbcba







 

bUkvismPaB )2(;)1(  nig )3(  eKTTYl)an ³ 
)cba(2)bacacbcba(2   

dUcenH  
cbabacacbcba    . 
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lMhat;TI93  
eK[RtIekaN ABC  mYymanmMukñúgCamMuRsYc . cUrbgðajfa ³ 

CsinBsinAsin32CsinBsinAsin 222    . 
tamRTwsþIbTsIunUs 

R2
Csin

c

Bsin

b

Asin

a
    ¬ :R kaMrgVg;carwkeRkARtIekaN ¦ 

eKTaj )I(

CsinR2c

BsinR2b

AsinR2a












 

tamRTwsþIbTkUsIunUs 
)II(Acosbc2cba 222   

yk  )I(  CYskñúg )II(  eK)an ³ 

AcosCsinBsin2CsinBsinAsin

AcosCsinBsinR8CsinR4BsinR4AsinR4
222

2222222



  

eKTaj 
CsinBsin2

AsinCsinBsin
Acos

222 
  

ehtuenH )1(
AsinCsinBsin2

AsinCsinBsin
Acot

222 
  

dUcKñaEdr )2(
BsinAsinCsin2

BsinAsinCsin
Bcot
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ehIynwg )3(
CsinBsinAsin2

CsinBsinAsin
Ccot
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bUkTMnak;TMng )2(;)1(  nig )3(  eKTTYl)an ³ 
)4(

CsinBsinAsin2

CsinBsinAsin
CcotBcotAcot
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müa:geToteKman  CBA  b¤ CBA   
eK)an )Ctan()BAtan(   
          Ctan

BtanAtan1

BtanAtan



  

eKTaj CtanBtanAtanCtanBtanAtan   
KuNGgÁTaMgBIrnwg CcotBcotAcot  eK)an ³ 

1AcotCcotCcotBcotBcotAcot   
tamvismPaB GMAM   cMeBaHRKb; 0z;y;x   

eKman 















zx2xz

yz2zy
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eK)an )zxyzxy(2)zyx(2 222   
b¤          zxyzxyzyx 222   
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)zxyzxy(3)zyx( 2   
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naM[  )5(3CcotBcotAcot   
tamTMnak;TMng )4(  nig )5(  eK)an ³ 

3
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lMhat;TI94  
eK[ C;B;A  CamMukñúgrbs;RtIekaN ABC  mYy . 
cUrbgðajfa   33
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A
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KuNGgÁTaMgBIrnwg 
2

C
cot

2

B
cot

2

A
cot   eK)an ³ 
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eK)an 0
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A
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lMhat;TI95 
eK[ C;B;A  CamMuRsYckñúgrbs;RtIekaN ABC  mYy . 
cUrbgðajfa   3)31()Ctan1)(Btan1)(Atan1(   . 
eday C;B;A  CamMuRsYcenaH 0Ctan;0Btan;0Atan   
tamvismPaB GMAM   RKb; 0z;0y;0x  eKman³ 

33

3 2223

)xyz1()z1)(y1)(x1(

xyzzyx3xyz31)z1)(y1)(x1(

xyz)zxyzxy()zyx(1)z1)(y1)(x1(







 

yk Ctanz;Btany;Atanx   eK)an ³ 
3)CtanBtanAtan1()Ctan1)(Btan1)(Atan1(     

eKman )Ctan()BAtan(    b¤ Ctan
BtanAtan1

BtanAtan



  

eKTaj CtanBtanAtanBtanBtanAtan   
                             xyzzyx   
tamvismPaB GMAM    eK)an ³ 

3

3

xyz3xyz

xyz3zyx



   

eKTaj 33xyz    b¤  33CtanBtanAtan   
eK)an 33 )331()Btan1)(Btan1)(Atan1(   
dUcenH 3)31()Ctan1)(Btan1)(Atan1(    . 
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lMhat;TI96 
eK[ c;b;a  CabIcMnYnBitviC¢man . cUrRsayfa ³ 

)cabcab(9)2c)(2b)(2a( 222   . 

eRCIserIs [
2

;0]C,B,A


   Edl 














Ctan2c

Btan2b

Atan2a

 

eK)an 





















Ccos

2
)Ctan1(22c

Bcos

2
)Btan1(22b

Acos

2
)Atan1(22a

2
22

2
22

2
22

 

naM[ 
CcosBcosAcos

8
)2c)(2b)(2a( 222

222   
tag  cabcabT    
       )AtanCtanCtanBtanBtanA(tan2T   

CcosBcosAcos

])CBAcos(CcosBcosAcos[2
CcosBcosAcos

)BcosAsinCsinAcosCsinBsinCcosBsinA(sin2
T







 

vismPaB )1(  smmUlnwg ³ 

CcosBcosAcos

)]CBAcos(CcosBcosA[cos18

CcosBcosAcos

8
222
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eKTaj)an ³ 
 

9

4
)CBAcos(CcosBcosAcosCcosBcosAcos   

tag 
3

CBA 
  .  

tamvismPaB GMAM   nig Jensen   eyIg)an ³ 







 

 3
3

cos
3

CcosBcosAcos
CcosBcosAcos  

eKTaj 
9

4
)3cos(coscos 33   

eday  cos3cos43cos 3  
eK)an 

9

4
)cos3cos3(cos 33   

                   
27

4
)cos1(cos 24    

tamvismPaB GMAM   eK)an ³ 
3

2
22

2
22

3

cos1
2

cos

2

cos

)cos1.(
2

cos
.

2

cos


























  

naM[ 
27

4
)cos1(cos 24   Bit . 

dUcenH  )cabcab(9)2c)(2b)(2a( 222    Bit. 
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lMhat;TI97  
RbsinebI )z1)(y1)(x1(xyx   Edl 1z;y;x0   
cUrbgðajfa  

4

3
)y1(z)x1(y)z1(x    . 

eKman 0
4

1
xx)

2

1
x( 22   cMeBaHRKb; x  

eKTaj 
4

1
)x1(x    eday 1x0   enaHeKTaj)an ³ 

4

1
)x1(x0   . RsaydUcKñaEdreK)an ³ 

4

1
)y1(y0     nig 

4

1
)z1(z0   

eyIg)an 
64

1
)z1)(y1)(x1(xyz   

eday )z1)(y1)(x1(xyz  enaH 
64

1
xyz 2     naM[ 

8

1
xyz    . 

tag )y1(z)x1(y)z1(xT   
         )xzyzxy()zyx(   
eday )z1)(y1)(x1(xyz   
b¤     xyz21)zxyzxy()zyx(   
eKTaj 

4

3

8

1
21xyz21T 






   Bit 

dUcenH  
4

3
)y1(z)x1(y)z1(x     
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lMhat;TI98  
eK[ c;b;a  CaRbEvgRCugrbs;RtIekaNmYyEdlman 
brimaRtes μI 2  .   
cUrRsayfa   2abc2cba

2

3 222   . 
edaybrimaRtrbs;RtIekaNenHesμI 2 enaHRCugTaMgbI c;b;a  
rbs;RtIekaNsuTæEttUcCag 1  . 
eyIg)an 

2

1
Asinbc

2

1
S   

tamrUbmnþehrug )cp)(bp)(ap(pS   eday 1p   
enaH 

2

1
)c1)(b1)(a1(S   

eKTaj 
4

1
)c1)(b1)(a1(0   

b¤         
4

1
abc)cabcab()cba(10   

 b¤        
4

1
abc)cabcab(210   

b¤  
4

5
abc)cabcab(1   

b¤  
2

5
abc2)cabcab(22    

eKman )cabcab(2cba)cba( 2222   
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eKTaj ³ 

 abc2)cabcab(24abc2cba

)cabcab(2abc2)cba(abc2cba
222

2222



  

eday 
2

5
abc2)cabcab(22   

eK)an 24abc2cba
2

5
4 222   

dUcenH  2abc2cba
2

3 222    . 
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lMhat;TI99 
eK[ z;y;x  CabIcMnYnBitviC¢manEdl 1zyx   . 
cUrRsaybBa¢ak;fa   81

z

1
1

y

1
1

x

1







 














     . 

eKman 
xyz

)z1)(y1)(x1(
1

z

1
1

y

1
1

x

1 







 














    

eday 1zyx   naM[ 











yxz1

zxy1

zyx1

 

eK)an 
xyz

)yx)(xz)(zy(
1

z

1
1

y

1
1

x

1 







 














   

tamvismPaB GMAM   eKman ³ 
zx2xz;yz2zy    nig xy2yx   

eK)an xyz8)yx)(xz)(zy(   
naM[   8

xyz

)yx)(xz)(zy(


  

dUcenH  81
z

1
1

y

1
1

x

1







 














    . 
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lMhat;TI100 
eK[ c;b;a  CabIcMnYnBitviC¢manEdl 1cba 222   
bgðajfa 

abc

)cba(2
3

c

1

b

1

a

1 333

222


   

tag 
abc

cba
.23

c

1

b

1

a

1
T

333

222


  

eday 1cba 222   enaHeKTaj ³ 

2

22

22

22

22

22

2 c

ba
1

c

1
;

b

ca
1

b

1
;

a

cb
1

a

1 






  

eFIVviFIbUksmPaBTaMgenHeK)an ³ 






 






 






  22

2
22

2
22

2
222 b

1

a

1
c

a

1

c

1
b

c

1

b

1
a3

c

1

b

1

a

1  

kenSam T  Gacsresr ³ 
















 






 






 

ab

c

ca

b

bc

a
2

b

1

a

1
c

a

1

c

1
b

c

1

b

1
aT

222

22
2

22
2

22
2  

   0
b

1

a

1
c

a

1

c

1
b

c

1

b

1
a

2
2

2
2

2
2 






 






 






   

dUcenH 
abc

)cba(2
3

c

1

b

1

a

1 333

222


   . 

 
 

 



vismPaBeRCIserIs 
 

  

      eroberogeday lwm plÁún                                                                                    - Page 167 - 

lMhat;TI101 
eK[ c,b,a  CabIcMnYnBitviC¢man .  cUrRsaybBa¢ak;fa ³ 

2

cba

acac2

c

cbcb2

b

baba2

a
22

2

22

2

22

2 









  

 

ebI cba   enaHvismPaBxagelIkøaCasmPaB . 

eyIgBinitüGnuKmn_ 
1xx2

x
)x(f

2

2


   RKb; 0x   

vismPaBxagelIsmmUl 
2

cba
)

a

c
(af)

c

b
(cf)

b

a
(bf


  . 

edIm,IRsaybBa¢ak;vismPaBenHeyIgRtUvkMNt;GnuKmn_lIenEG‘mYyEdl 
(*)x)x(f   ehIy   nig   CaBIrcMnYnBitEdlbMeBjlkç½xNÐ½ (*)  

BitcMeBaHRKb; 0x   . 
edaysaEtvismPaBBitcMeBaH cba   enaHeyIgnwgkMNt;rk   nig   
EdleFIV[ExSekag  )x(fy:)c(  b:Hnwg  xy:)d(  Rtg; 1x    
eBalKWRtUv[ )1(f  nig )1('f  . 
eday 

2

1
)1(f    enaH 

2

1
  

eKman 
1x2x2

x.
1x2x22

1x4
1x2x2x2

)x('f
2

2
2

2







  



vismPaBeRCIserIs 
 

  

      eroberogeday lwm plÁún                                                                                    - Page 168 - 

eK)an 
16

11

4
4

5
4

)1('f 


   enaH 
16

11
   ehIy 

16

3

2

1
  

ehtuenH  
16

3x11
)x(f


   b¤  (**)

16

3x11

1xx2

x
2

2 



 

-ebI  
11

3
x0   enaHvismPaB (**) BitCanic©eRBaHGgÁTI1CakenSamviC¢man 

  Canic©RKb; 0x   ehIyGgÁTIBIrGviC¢man . 
-ebI 

11

3
x   enaHvismPaB (**) Gacsresr ³ 

  0
)1xx2(256

)9x39x14()1x(

256

)3x11(

1x2x2

x
2

2222

2

2





















 

vaBitcMeBaHRKb; 
11

3
x   eRBaH 09x39x14 2   . 

tam (**) eKCMnYs x  eday 
a

c
,

c

b
,

b

a  eK)an ³ 

16

a3c11c3b11b3a11
)

a

c
(af)

c

b
(cf)

b

a
(bf


  

                                        
2

cba

16

c8b8a8 



  Bit 

dUcenH  

2

cba

acac2

c

cbcb2

b

baba2

a
22

2

22

2

22

2 
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lMhat;TI102  
eK[bIcMnYnBitviC¢man c,b,a  . cUrRsaybBa¢ak;fa ³ 

)cba(4
c6ca

ac29

b6bc

cb29

a6ab

ba29
2

33

2

33

2

33











   

eyIgBinitüGnuKmn_ 
2

3

x6x

1x29
)x(f




   RKb; 0x   

vismPaBxagelIsmmUl )cba(4)
a

c
(af)

c

b
(cf)

b

a
(bf   . 

edIm,IRsaybBa¢ak;vismPaBenHeyIgRtUvkMNt;GnuKmn_lIenEG‘mYyEdl 
(*)x)x(f   ehIy   nig   CaBIrcMnYnBitEdlbMeBjlkç½xNÐ½ (*)  

BitcMeBaHRKb; 0x   . 
edaysaEtvismPaBBitcMeBaH cba   enaHeyIgnwgkMNt;rk   nig   
EdleFIV[ExSekag  )x(fy:)c(  b:Hnwg  xy:)d(  Rtg; 1x    
eBalKWRtUv[ )1(f  nig )1('f  . 
eKman 4

61

129
)1(f 




   enaH 4  

ehIy 22

322

)x6x(

)1x29)(x121()x6x(x87
)x('f




  

eK)an 5
7

5287

7

2813787
)1('f

2






  enaH 5  

ehIy 1544   . 
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eK)anvismPaB (**)1x5
x5x

1x29
2

3




  

eKman 0x0
)x61(x

)1x()1x(
)1x5(

x6x

1x29 2

2

3








  

naM[vismPaB  (**) BitCanic©RKb; 0x   . 
edayCMnYs 

a

c
,

c

b
,

b

a
x   kñúg (**) eK)an ³ 

)cba(4

c4b4a4

)ac5()cb5()ba5()
a

c
(af)

c

b
(cf)

b

a
(bf






 

dUcenH  )cba(4
c6ca

ac29

b6bc

cb29

a6ab

ba29
2

33

2

33

2

33











   . 
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lMhat;TI103 
eK[ c,b,a  CabIcMnYnBitviC¢man . cUrRsaybBa¢ak;vismPaB ³ 

3

cba

acac

c

cbcb

b

baba

a
22

3

22

3

22

3 









  . 

eyIgBinitüGnuKmn_ 
1xx

x
)x(f

2

3


   RKb; 0x   

vismPaBxagelIsmmUl 
3

cba
)

a

c
(af)

c

b
(cf)

b

a
(bf


  . 

edIm,IRsaybBa¢ak;vismPaBenHeyIgRtUvkMNt;GnuKmn_lIenEG‘mYyEdl 
(*)x)x(f   ehIy   nig   CaBIrcMnYnBitEdlbMeBjlkç½xNÐ½ (*)  

BitcMeBaHRKb; 0x   . 
edaysaEtvismPaBBitcMeBaH cba   enaHeyIgnwgkMNt;rk   nig   
EdleFIV[ExSekag  )x(fy:)c(  b:Hnwg  xy:)d(  Rtg; 1x    
eBalKWRtUv[ )1(f  nig )1('f  . 
eKman 

3

1
)1(f   enaH 1  b¤  1  

ehIy 22

322

)1xx(

)1x2(x)1xx(x3
)x('f




  

eK)an 
3

2

9

39
)1(f 


  naM[ 

3

2
   ehIy 

3

1

3

2
1  . 

eK)anvismPaB (**)
3

1x2

1xx

x
2

3 
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eKman 0
)1xx(3

)1x()1x(

3

1x2

1xx

x
2

2

2

3











 RKb; 0x   

enaHmann½yfavismPaB (**) BitCanic©RKb; 0x   . 
edayCMnYs 

a

c
,

c

b
,

b

a
x   kñúg (**) eK)an ³ 

3

ac2cb2ba2
)

a

c
(af)

c

b
(cf)

b

a
(bf


   

                                         
3

cba 
  Bit 

dUcenH  

3

cba

acac

c

cbcb

b

baba

a
22

3

22

3

22

3 









  . 
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lMhat;TI104 ¬Turkey 2007¦ 
eK[bIcMnYnBitviC¢man c,b,a   Edl 1cba    . cUrRsaybBa¢ak;fa ³ 

cabcab

1

b2b2ca

1

a2a2bc

1

c2c2ab

1
222 










  

 
CadMbUgeyIgnwgRsayfa 22 )cabcab(

ab

c2c2ab

1





  

smmUl )c2c2ab(ab)cabcab( 22   
smmUl abc2abc2)cba(abc2accb 22222   
eday 1cba   enaH abc2abc2abc2accb 22222   
smmUl 0)ba(cabc2accb 2222222    Bit 
ehtuenH )1(

)cabcab(

ab

c2c2ab

1
22 




 

            
)3(

)cabcab(

ca

b2b2ca

1

)2(
)cabcab(

bc

a2a2bc

1

22

22









  

bUkvismPaB )3(&)2(,)1(  eK)an ³ 

cabcab

1

b2b2ca

1

a2a2bc

1

c2c2ab

1
222 
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lMhat;TI105 
eK[RtIekaN ABC  mYymanRCug cAB,bCA,aBC   
ehIymMukñúg C,B,A  CamMuRsYcb¤mMuEkg . 
tag S  CaépÞRkLaén ABC   
cUrRsaybBa¢ak;fa   

2444 S16

9

c

1

b

1

a

1
   . 

eKman )cp)(bp)(ap(pS2   Edl 
2

cba
p


  

tag 222222222 cbaz,bacy,acbx   
Edl 0z,y,x   nig minGacmanBIrsUnüRBmKña . 
eK)an 222 b2xz,a2zy,c2yx   
ehIy )cba)(bac)(acb)(cba(S16 2   

                  
zxyzxyx)xz)(yx(

)acb(cb4
2

222222



  

vismPaB 2444 S16

9

c

1

b

1

a

1
   GacbEmøgeTACa ³ 

zxyzxy

9

)xz(

4

)zy(

4

)yx(

4
222 









 

4

9
]

)xz(

1

)zy(

1

)yx(

1
[)zxyzxy(

222









   

tamlkçNHGUm:UEsneKGaceRCIserIsyk 1zxyzxy   enaHivsmPaB 
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xagelIsmmUl ³ 222

cyc

22 )zx()zy()yx(9)zx()yx(4   

eday 1xyzxzxyx)zx)(yx( 22   
ehIy )zy)(1x()zx)(zy)(yx( 2   

                                           

xyzzyx

zy)yz1(x

zy)xzxy(x

zy)zy(x2






 

eK)an 2

cyc

22 )xyzzyx(9)1x(4   

2222222 )xyzzyx(9])1z()1y()1x[(4   
(*))xyzzyx(9]3)zyx(2)zyx[(4 2222444   

tag zyxS    nig xyzP   
Edl 0cbaS 222    nig 0P   eRBaH 0z,y,x   . 
eK)an 2zyx)zyx(S 22222   
ehIy )zyzyyx(2zyx)2S( 22222244422   
eday 1xzyzxy    enaH 1)xzyzxy( 2   
b¤ 1)zyx(xyz2zxzyyx 222222    
b¤ PS21zxzyyx 222222   
enaH )PS21(2zyx)2S( 44422   
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naM[  2SP4S4Szyx 24444   
vismPaB (*)xagelIsmmUl ³ 

2224 )PS(9)34S22SP4S4S(4   

(**))PS(9SP16)4S)(1S4(S9

)PS(94SP16S8S4

)PS(9)1SP4S2S(4

2222

224

224







 

-cMeBaH   2S   eKman  0SP16)4S)(1S4( 22   
naM[vismPaB (**) Bit  
eRBaH 22222 )PS(9S9SP16)4S)(1S4(S9   . 
-cMeBaH 2S0    vismPaB (**) Gacsresr ³ 
 22222 P9SP18S9SP16)4S)(1S4(S9   

0P9SP34)4S)(1S4( 222   
tag 222 P9SP34)4S)(1S4(T   
eyIgnwgRsayfa 0T    . 
eKman xyz9)xzyzxy)(zyx(   ¬tam GMAM  ¦ 
eday 1zxyzxy   enaH P9S   
ehIy SP33)P9S(P)4S)(1S4(T 22   
eK)an SP33)4S)(1S4(T 22   
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tamvismPaB Schur  eKman  
cyc

2 0)zx)(yx(x  

eday )zy(xyzxx)zx)(yx(x 3242   

eK)an  
cyc

3

cyccyc

4 )zy(x)x(xyz)x(  

eday SPxxyz,2SP4S4S)x(
cyc

24

cyx

4    

nig   
cyc

2

cyc cyc

23 )yz1(x)xzxy(x)zy(x  

                          SP2Sxxyzx 2

cyccyc

2    

eK)an 2SPS2SP5S4S 224   
                                  4S5SSP6 24   
                                  )1S)(S4(SP6 22   
ehtuenH SP6

2

11
)4S)(1S4(T 22   

            
)3S)(S4(

2

3
T

)1S)(S4(
2

11
)4S)(1S4(T

22

2222




 

eday 2S0   enaH 0S4 2   
ehIy 3)zxyzxy(3)zyx(S 22   enaH 03S2   
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eKTaj)an 0)3S)(S4(
2

3
T 22   Bit . 

srubmkeK)an 
4

9
]

)xz(

1

)zy(

1

)yx(

1
[)zxyzxy(

222









   

dUcenH 2444 S16

9

c

1

b

1

a

1
   . 

 
 smÁal; ³  ehtuGIV)anCakñúgkarRsaybBa¢ak;vismPaB  

(*)
4

9
]

)xz(

1

)zy(

1

)yx(

1
[)zxyzxy( 222 








  

eKGaceRCIserIsyk 1zxyzxy    ? 
eRBaHfaebIeKyk 0tzxyzxy 2   
ehIytag w.tz,v.ty,u.tx   enaHvismPaB (*)smmUl 

(**)
4

9

)uw(

1

)wv(

1

)vu(

1

4

9

)uw(t

1

)wv(t

1

)vu(t

1
t

4

9

)tutw(

1

)twtv(

1

)tvtu(

1
t

222

222222
2

222
2












































 

mann½yfavismPaB (**) dUcKñanwgvismPaB (*)  eBl 1zxyzxy  . 
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lMhat;TI106> 
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lMhat;TI107 
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lMhat;TI108 (USAMO 2003) 
eK[ c,b,a  CacMnYnBitviC¢man . cUrRsaybBa¢ak;fa ³ 
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lMhat;TI109 ( Baltic Way 2010 ) 
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lMhat;TI110 (China National Olympiad 2005) 
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lMhat;TI111>  (Croatia Team Selection Tests 2011) 
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lMhat;TI112  (Greece National Olympiad 2007) 
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lMhat;TI113 (IMO Longlists 1980) 
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a

1
2

n
   naM[ )i(1an   

müa:geToteday 1an    enaH 1ak   b¤  1nnak   
b¤ 

1n

1

na

1

k 



  RKb; 1n....,,2,1,0k   . 

eK)an 
1n

n

1n

1

na

11n

0k

1n

0kk 





 







  

edayBinitüeXIjfaRKb; 1n   eKman 0
1n

2

1n

2n

1n

n
2











 

enaHeKTaj)an 
1n

2n

1n

n

na

11n

0k k 











 

tam (*)  eKTaj)an 
1n

2n

a

1
2

n 


    

b¤ 
1n

n

1n

2n
2

a

1

n 





   enaH )ii(
n

1
1

n

1n
an 


  

tam )ii(&)i(  eKTaj)an  1a
n

1
1 n      . 

dUcenH 1a
n

1
1 n     . 
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lMhat;TI114  ( Malaysia National Olympiad 2010 ) 
cMeBaHRKb; c,b,a  FMCagmYy cUrbgðajfa ³ 

)blogalogc(log4ablogcalogbclog cabcabcba    
tag ablogcalogbclogA cba    
nig  )blogalogc(log4B cabcab    
ehIyyk clnz,blny,alnx   
cMeBaH 1c,b,a   enaH 0z,y,x   
tamrUbmnþbþÚreKal 

qln

pln
plogq   eK)an ³ 

yx

z4

xz

y4

zy

x4
)

xz

y

zy

x

yx

z
(4B

)
y

1

x

1
(z)

x

1

z

1
(y)

z

1

y

1
(x

z

yx

y

xz

x

zy
A





























 

tamvismPaB GMAB   RKb; uv2vu:0v,u   
b¤ uv4)vu( 2     b¤ 

vu

4

uv

vu




  b¤ 
vu

4

v

1

u

1


  

eKTaj 
yx

z4
)

y

1

x

1
(z;

xz

y4
)

x

1

z

1
(y;

zy

x4
)

z

1

y

1
(x








  

bUkvismPaBenHeK)an BA     Bit . 
dUcenH  

)blogalogc(log4ablogcalogbclog cabcabcba   
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lMhat;TI115   ( Morocco National Olympiad 2011 ) 
eKtag  ,,  CargVas;mMukñúgRtIekaN ABC  mYyEdlmanbrimaRt p2  
nigkaMrgVg;carwkeRkA R  . 

/a  cUrRsaybBa¢ak;fa 







 1

p

R
.93cotcotcot

2

2
222  

/b  etIeBlNaeTIbeK)ansmPaB ? 
dMeNaHRsay 

/a  RsaybBa¢ak;fa 







 1

p

R
.93cotcotcot

2

2
222   

eKman 








222
222

cotcotcot3
sin

1

sin

1

sin

1   

eyIgnwgRsayfa 
2

2

222 p

R27

sin

1

sin

1

sin

1









  

tamvismPaB SchwarzCauchy   eKman ³ 
)1()

sin

1

sin

1

sin

1
(

3

1

sin

1

sin

1

sin

1 2
222 
















  

edayeRbI  
321

2
321

3

2
3

2

2
2

1

2
1

bbb

)aaa(

b

a

b

a

b

a




  

eK)an 









 sinsinsin

9

sin

1

sin

1

sin

1   
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tamRTwsþIbTsIunUsGnuvtþn_kñúg ABC  eK)an ³ 
R2

sinsinsin

cba

sin

c

sin

b

sin

a














 

eKTaj 
R

p

R2

cba
sinsinsin 


  

ehtuenH )2(
p

R9

sinsinsin

9

sin

1

sin

1

sin

1












 

tam )2(&)1(  eKTaj)an ³ 

2

2

2

2

222 p

R27

p

R81

3

1

sin

1

sin

1

sin

1









   Bit 

dUcenH  







 1

p

R
.93cotcotcot

2

2
222   . 

/b  vismPaBenHkøayCasmPaBluHRtaEt 






 sin

1

sin

1

sin

1  

eKTaj)an    naM[ ABC  CaRtIekaNsmgS½ . 
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lMhat;TI116 ¬Japan 1997¦ 
eKyk c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 

5

3

c)ba(

)cba(

b)ac(

)bac(

a)cb(

)acb(
22

2

22

2

22

2













    

tag 22

2

22

2

22

2

c)ba(

)cba(

b)ac(

)bac(

a)cb(

)acb(
T













   

yk 
c

ba
z,

b

ac
y,

a

cb
x








  

eK)an 1
cba

cba

z1

1

y1

1

x1

1














 ehIykenSam T eTACa 

1z

)1z(

1y

)1y(

1x

)1x(
T 2

2

2

2

2

2












 . 

ebI 2zyx   eK)an 
5

3
T    CakrNIEdlvismPaBkøayCasmPaB . 

eyIgsnμtfamanBIrcMnYnBit a  nig b  EdlnaM[  b
1x

a

1x

)1x(
2

2






 Bit 

RKb; 0x   ehIyeday 1
1z

1

1y

1

1x

1









 enaHedIm,I[ 

5

3
T   

luHRtaEt 
5

3
)b

1z

a
()b

1y

a
()b

1x

a
( 








 

naM[ (*)
5

3
b3a     

müa:geTotedaysmPaBekIteLIgcMeBaH 2x   enaH 2x   Cab¤sDúb 
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rbs;smIkar  b
1x

a

1x

)1x(
2

2






   

b¤  0)bxba)(1x()1x)(1x( 22   
tag )bxba)(1x()1x)(1x()x(f 22   

2x   Cab¤sDúbén 0)x(f   enaH 0)2('f   
eday )1x(b)bxba(x2)1x(2)1x()x('f 222   
enaH 0b5

5

3
47b5)b3a(461)2('f   

eKTaj)an 
25

23
b   ehIytam (*)  eK)an 

25

54
b3

5

3
a   

eK)an 
)1x(25

54

25

23

1x

)1x(
2

2





  smmUl 0

)1x)(1x(25

)7x()2x(2
2

2



 Bit 

ehtuenH )1(
)1x(25

54

25

23

1x

)1x(
2

2





   

)2(
)1y(25

54

25

23

1y

)1y(
2

2





  nig )3(

)1z(25

54

25

23

1z

)1z(
2

2





  

bUkvismPaB )3(&)2(,)1(  eK)an ³ 

5

3

25

15

25

5469
)

1z

1

1y

1

1x

1
(

25

54
3

25

23
T 











  Bit 

dUcenH  
5

3

c)ba(

)cba(

b)ac(

)bac(

a)cb(

)acb(
22

2

22

2

22

2













    . 

 



vismPaBeRCIserIs 
 

  

      eroberogeday lwm plÁún                                                                                    - Page 203 - 

lMhat;TI117> ¬Iran 1996 ¦ 
eK[bIcMnYnBitminGviC¢man c,b,a  nigminsUnüRBmKñaBIr . 
cUrRsaybBa¢ak;fa ³ 

(*)
4

9

)ac(

1

)cb(

1

)ba(

1
)cabcab(

222

















    

tag abcz,cabcaby,cbax   
eKmansmPaB ³ 

abc)cabcab)(cba()ac)(cb)(ba(   
                                  zxy   
nig )zxy(x4)yx()ca()ba( 22

cyc

22   

vismPaB (*)  xagelIsmmUl  
4

9

)zxy(

)zxy(x4)yx(
y

2

22











  

smmUl 0z9xyz34y4yx17yx4 23224   
(**)0)z9xy(z)xz6y4yx5x(y)z9xy4x(xy 2243   

tamvismPaB Schur  cMeBaHRKb;cMnYnBitminGviC¢man z,y,x  eKman ³ 
)1(0z9xy4x0)zx)(yx(x 3

cyc
  

)2(0xz6y4yx5x0)zx)(yx(x 224

cyc

2   
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tamvismPaB GMAM   eKman ³ 
)3(0z9xyabc9)cabcab)(cba(   

tam )3(&)2(),1(  eKTaj)an (**) Bit . 

dUcenH 
4

9

)ac(

1

)cb(

1

)ba(

1
)cabcab(

222

















  .  
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CMBUkTI3 
 

lMhat;Gnuvtþn_ 
!> eK[ z,y,x,c,b,a  CacMnYnBitviC¢manEdl 1zyx   . 
 cUrbgðajfa ³ 
 cba)zxyzxy)(cabcab(2czbyax   
                                                                                ¬Ukraine,2001¦  
@> eK[ 0c,b,a   . cUrbgðajfa ³ 

 
abc2ccab2bbca2a

aaccccbbbbaa

222

422442244224



  

                                                                      ¬Gazeta Matematica¦ 
#> ebI c,b,a  CacMnYnBitviC¢manEdl 2abc   enaHbgðajfa ³ 
 bacacbcbacba 333    . 
 etIsmPaBekIteLIgenAeBlNa ? 
                                                                     ¬JBMO 2002 Shortlist¦ 
$> eK[ b&a  CaBIrcMnYnBitviC¢manEdl 1ba   . 

 cUrRsaybBa¢ak;fa  
3

1

1b

b

1a

a 22







 
                                                                             ¬Hungary 1996¦ 
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%> RKb;cMnYnBit x  nig y  cUrbgðajfa   xy31)1yx(3 2    . 
                                                                             ¬Columbia,2001¦ 
^> eK[ )1,0(y,x    . bgðajfa 1yx xy    ? 
&> RKb;cMnYnBitminGviC¢man b,a  cUrRsaybBa¢ak;fa ³ 

 
3

3 23 23 23 22

2

ba

3

baba

4

babbaa

2

ba









 











   

                                                                                 ¬APMC 1993¦ 
*>RKb;cMnYnBit x  nig y  mansBaØadUcKña cUrbgðajfa ³ 

 
2

yx
xy

2

yx

yx

xy2 22 






 

(>RKb;cMnYnBitviC¢man c,b,a  cUrRsaybBa¢ak;fa ³ 

 33
cba

)cba(9

abc

)cba(2
222

2333






  

!0>RKb;cMnYnBit 0z,y,x   cUrbgðajfa ³ 
 

3

zyx

3

|xz||zy||yx|
xyz3 




  
!!>eK[ 0z,y,x   Edl 1zyx   . cUrbgðajfa ³ 
 

2

3

z1

z

y1

y

x1

x
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!@> eK[ c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 
3 333222222 )abcc)(abcb)(abca(abc)cabcab)(accbba(   

                                                    ¬KMO Summer Program Test,2001¦ 
!#>eK[ 0c,b,a    . cUrbgðajfa ³ 
 222222 cacacbcbbaba   
!$> eK[cMnYnBit 1c,b,a   . cUrRsayfa ³ 
 )1ab(c1c1b1a   
                                                                             ¬Hongkong 1998¦ 
!%>eK[ 0c,b,a   . cUrRsayfa ³ 
 

3

cabcab

8

)ac)(cb)(ba(
3




  
!^>eK[ 0c,b,a   Edl 1cba   . cUrRsaybBa¢ak;fa ³ 
 

abc

1
a6

c

1
c6

b

1
b6

a

1
333   

                                                                    ¬IMO Short Lists 2004¦ 
!&> eK[bIcMnYnBitviC¢man c,b,a  . cUrRsaybBa¢ak;fa ³ 
  2

ba

c

ac

b

cb

a









 

                                                                            ¬Macedonia,1995¦ 
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!*>eK[ 0c,b,a    Edl 1abc   . cUrRsaybBa¢ak;fa ³ 
 1)

a

1
1c)(

c

1
1b)(

b

1
1a(     .                  

                                                                                   ¬IMO 2000¦           
!(>eK[ 0c,b,a    Edl 1abc   . cUrRsaybBa¢ak;fa ³ 
    1

caac

ca

bccb

bc

abba

ab
555555










 

                                                                   ¬IMO Short Lists 1996¦ 
@0>eK[ 0d,c,b,a   cUrRsayfa ³ 
 

3

2

c3b2a

d

b3a2d

c

a3a2c

b

d3c2b

a












 

                                                                   ¬IMO Short Lists 1993¦ 
@!> eK[ 0d,c,b,a   Edl 1dacdbcab  cUrRsayfa ³ 

  
3

1

cba

d

bad

c

adc

b

dcb

a 3333













  
                                                                  ¬IMO Short Lists 1990¦ 
@@> eK[ 0c,b,a   . cUrRsaybBa¢ak;fa ³ 

   cba
ba

abc

ac

cab

cb

bca 222
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@#> eK[ 0c,b,a   .  
   cUrRsaybBa¢ak;fa ³ 

   
abc

)cba(2
3

c

1

b

1

a

1 333

222


  

@$> eK[ 0c,b,a    Edl 3cba 222   .  cUrbgðajfa ³ 
   

2

3

ca1

1

bc1

1

ab1

1









 

                                                                               ¬Belarus 1999¦ 
@%> eK[ 0c,b,a    Edl 1cba 222   .  cUrbgðajfa ³ 
   

2

9

ca1

1

bc1

1

ab1

1









 

@^> eK[ 0c,b,a    Edl 3cba 444   .  cUrbgðajfa ³ 
      1

ca4

1

bc4

1

ab4

1









 

                                                                              ¬Moldova,2005¦ 
@&> eK[ 0c,b,a    Edl 1cba 222   .  cUrbgðajfa ³ 
    2

222
ccbbaa

4

3

1a

c

1c

b

1b

a









 

                                                                                 ¬Greece 2002¦ 
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@*> eK[bIcMnYnBitviC¢man 0c,b,a   . cUrbgðajfa ³ 

   
4

9

)ac(

1

)cb(

1

)ba(

1
)cabcab(

222

















  

                                                                                   ¬Iran 1996¦ 
@(> eK[bIcMnYnBitviC¢man 0c,b,a   . cUrbgðajfa ³ 
 222222 cbacba)

c

1

b

1

a

1
)(cba(

33

31


  
                                                                               ¬Albania 2002¦ 
#0> eK[bIcMnYnBitviC¢man 0c,b,a   . cUrbgðajfa ³ 
   

cb

ac

ba

cb

ac

ba

a

c

c

b

b

a












  
                                                                               ¬Belarus 1997¦ 
#!>eK[ 0z,y,x   . cUrbgðajfa ³ 
   

47

1

)6z)(z9y)(y8x)(x31(

xyz



 

 etIsmPaBekIteLIgenAeBlNa ? 
#@>ebIcMnYnBit 0c,b,a   Edl 1cba   enaHbgðajfa ³ 
  1)cba(6)cba(5 333222   
##> eK[ 0c,b,a   Edl 1abc    .  
      cUrbgðajfa   cba

a

c

c

b

b

a
     . 
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#$>cUrbgðajfaebI 3n   ehIy 0x,...,x,x n21   manplKuNesμI 1 
 enaH 1

xxx1

1
...

xxx1

1

xxx1

1

1nn322211









 

                                                                           ¬Russia,2001¦ 
#%>eK[ 0c,b,a   CamYy 1cba   . cUrbgðajfa ³ 

  2
ba

ac

ac

cb

cb

ba 222











  

#^>eK[ 0c,b,a   edaydwgfa )accbba(2cba 222222444   
  cUrbgðajfa )cabcab(2cba 222   . 
                                                                                 ¬Kvant,1988¦ 
#&> 
#*>eK[ z,y,x  CacMnYnBitviC¢manmanplbUkesμI 3  . cUrbgðajfa ³ 
  zxyzxyzyx    . 
                                                                               ¬Russia 2002¦ 
#(>eK[ c,b,a  CacMnYnBitviC¢man . cUrbgðajfa ³ 
  

bca

)cabcab(3

baba

c

aacc

b

cbcb

a
22

3

22

3

22

3













 

$0>eK[cMnYnBitviC¢man c,b,a  nig 1zcybxa   . 
bgðajfa 3)

cx

1

bz

1

ay

1
)(xyzabc(    .            ¬Russia 2002¦ 
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$!> eK[ cb,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 
  )cba(

4

1

b2ac

ca

a2cb

bc

c2ba

ab









 

$@> eK[bIcMnYnBit )1,0(c,b,a   Edl 1cabcab   . 
  cUrbgðajfa ³ 

  








 














 c

c1

b

b1

a

a1

4

3

c1

c

b1

b

a1

a 222

222
 

$#> eK[ 1z,y,x   nig 1zyx   . cUrbgðajfa ³ 
   

10

27

z1

1

y1

1

x1

1
222









 

$$> eK[ z,y,x  CabIcMnYnBitviC¢manEdl 2zyx 222    . 
   cUrbgðajfa  2xyzzyx   
                                                                        ¬IMO Shortlist 1987¦ 
$%>eK[ 0c,b,a   man 1abc   . cUrbgðajfa ³ 
  )1cba(4)ac)(cb)(ba(   
                                                                           ¬MOSP,2001¦ 
$^> cUrbgðajfaRKb; 0c,b,a   eKman ³ 
   )cabcab(abc)bac)(acb)(cba)(cba( 222   
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$&> eK[ z,y,x,  CacMnYnBitviC¢manEdl 1xyz   nig 1  . 

   cUrbgðajfa  
2

3

yx

z

xz

y

zy

x











 

$*> eK[ c,b,a  CacMnYnBitviC¢manEdl 1cba    . cUrbgðaj ³ 
   

4

33

)cab3(c

ba

)bca3b

ac

)abc3(a

cb









 

$(> eK[ 0z,y,x   Edl xyzzyx   . cUrbgðaj ³ 
   1036)1z)(1y)(1x(   
%0> eK[cMnYnBitviC¢man c,b,a  . cUrbgðajfa ³ 
   )c1)(b1)(a1(3abc2cba 222   
%!> cUrbgðajfacMeBaHRKb;cMnYnBitminGviC¢man c,b,a  edaydwgfa 
   4abccba 222   eyIgman 2abccabcab0   
                                                                              ¬USAMO,2001¦ 
%@> eK[ c,b,a  CacMnYnBitviC¢man . cUrbgðaj ³ 

   3
3

3

cba
.

2

ba
.a

3

abcaba 


  
%#> eK[ c,b,a  CacMnYnBitviC¢man . cUrbgðajfa ³ 
   

)abc1(abc

3

)a1(c

1

)c1(b

1

)b1(a

1
3.3 
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%$> cUrbgðajfaRKb;cMnYnBit c,b,a  Edl 9cba 222   eKman ³ 
   10abc)cba(2    . 
                                                                              ¬Vietnam,2002¦ 
%%> cMeBaHRKb;cMnYnBit c,b,a   bgðajfa ³ 
   )cba(

7

4
)ac()cb()ba( 444444   

                                                                    ¬Vietnam TST 1996¦ 
%^> eK[bIcMnYnBit 0z,y,x   Edl 1zyx   . 
   cUrbgðajfa  

27

7
xyz2zxyzxy0    

                                                                                    ¬IMO 1984¦ 
%&> eK[bIcMnYnBit 0z,y,x   Edl 1zyx   . 
 cUrRsaybBa¢ak;fa  

27

4
xzzyyx 222   

                                                                                ¬Canada 1999¦ 
%*> eK[ 0c,b,a   Edl abccba   . 
     cUrbgðajfa abc3cba 222   
                                                                                    ¬BMO 2001¦ 
%(> eK[ 0z,y,x   Edl xyzzyx   . 
   bgðajfa )zyx(9zxyzxy   .              ¬Bearus 1996¦  
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^0> eK[ IRz,y,x       Edl 2zyx 222      . 
   bgðajfa xyz2zyx            
                                                                                ¬Poland 1991¦ 
^!> eK[ 0c,b,a   Edl 1cba 222   . 
  cUrbgðajfa 34

abc

1
cba   

                                                                             ¬Macedonia 1999¦ 
^@> eK[ z,y,x  CacMnYnBitEdl 1z,y,x0   nig 1zxyzxy   
  cUrbgðajfa 

2

33

z1

z

y1

y

x1

x
222 








 

^#> eK[ z,y,x  CacMnYnBitEdl )0z,y,x(xyzzyx  . 
   bgðajfa 

2

33

z1

z

y1

y

x1

x
222









 . 

^$> eK[ z,y,x  CacMnYnBitEdl )0z,y,x(xyzzyx  . 
 bgðajfa 222 z1y1x13zxyzxy   
^%> eK[ c,b,a  CacMnYnBit . cUrbgðajfa ³ 
   2222 )1cabcab()1c)(1b)(1a(   
^^> eK[ 0z,y,x   Edl 1zxyzxy    . 
   cUrbgðajfa 

2

5

xz

1

zy

1

yx

1
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^&> eK[ 0c,b,a   Edl 1abc   .  
   cUrbgðajfa 3

)1c(

3c

)1b(

3b

)1a(

3a
222











  

^*>eK[ 0c,b,a   . cUrbgðajfa ³ 

  
8

3

ba

c

ac

b

cb

a 333






























 

^(> eK[ 0c,b,a   Edl 3cba   . cUrbgðajfa ³ 
      

2

3

7c

1

7b

1

7a

1
3 73 73 7










 

&0> eK[ 0d,c,b,a   Edl 4dcba   . 
   cUrbgðajfa 2

d1

1

c1

1

b1a1

1
4222














 

&!> eK[ 0c,b,a    . cUrRsaybBa¢ak;fa ³ 

   
3

1

)ba(c

c

)ac(b

b

)cb(a

a
33

3

33

3

33

3










 

&@>eK[ 0c,b,a   Edl 1cba 222   . cUrRsaybBa¢ak;fa ³ 
  

2

9

ca1

1

bc1

1

ab1

1









 

&#> eK[ ]2,1[z,y,x   . cUrbgðajfa ³ 
    


cyc

)
zy

x
(6)

z

1

y

1

x

1
)(zyx(  
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&$> eK[ 0c,b,a   Edl 1cba   . 
   cUrbgðajfa  

cabcab

10

cba

1

abc

1
222 



  

&%> eK[ 0c,b,a   nig 1cabcab   . 

 cUrbgðajfa 
2

5

)ac(

ac1

)cb(

cb1

)ba(

ba1
2

22

2

22

2

22












  

&^> eK[ 0c,b,a   . cUrbgðajfa ³ 

  5
)cba(

abc54

abc

cba
3

333





  

&&> eK[ 0c,b,a   . cUrbgðajfa ³ 

   )cba(
3

2

cba

abc3

cabcab

cba 222
444






  

&*> eK[ 0c,b,a   . cUrbgðajfa ³ 

   1
ab2c

cba

ca2b

bac

bc2a

acb
2

222

2

222

2

222













  

&(> eK[ 0c,b,a   . cUrbgðajfa ³ 
  

abc

ba

cab

ac

bca

cb

c

1

b

1

a

1
222 










  

*0> eK[ 0c,b,a   Edl 1abc   . 

   cUrbgðajfa 
6

333

2

cba
)c1)(b1)(a1( 
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*!> eK[ 0c,b,a   . cUrbgðajfa ³ 
  




















ac

1

cb

1

ba

1
4

cba

9

c

1

b

1

a

1  

*@> eK[ 0c,b,a   . cUrbgðajfa  ³ 

   2
)ac)(cb)(ba(

abc8

cabcab

cba 222






  

*#> eK[ 0c,b,a   Edl 1abc   . cUrbgðajfa ³ 
   3

1cc

1

1bb

1

1aa

1
222










 

*$> eK[ 0c,b,a   . cUrbgðajfa ³ 

      
cba

)cba(3

ac

ac

cb

cb

ba

ba 222222222














  

*%> eK[ 0c,b,a   . cUrbgðajfa ³ 
   

222222222 cba

)cba(3

ac

ac

cb

cb

ba

ba














  

*^> eK[ 0c,b,a   . cUrbgðajfa ³ 
   

cabcab

cba

ab2c

c

ca2b

b

bc2a

a
222 











 

*&> eK[ 0c,b,a   . cUrbgðajfa ³ 
     cba

4

5

ac

c

cb

b

ba

a
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**> eK[ 0c,b,a   Edl 1cabcab   . cUrbgðajfa ³ 
   cba2)c1(c)b1(b)a1(a 222   
*(> eK[ 0b,a   . cUrbgðajfa ³ 
   )21(8)

b

1

a

1
ba()ba( 22   

(0>eK[ 0c,b,a   . cUrbgðajfa ³ 
  )

c

1

b

1

a

1
)(cba(11)

c

1

b

1

a

1
)(cba(

222
222   

(!>eK[ 0c,b,a    Edl 1cba  . cUrbgðajfa ³  

    
2

3

1a

c

1c

b

1b

a
2

2

2

2

2

2










 

(@> eK[ 0z,y,x   . 
       bgðajfa   3

zyx
zyx xyzzyx


  

(#>eK[ 0c,b,a   . cUrbgðajfa ³ 
  2333222 )cba(8)abc)(cab)(bca(9   
($>eK[ 0z,y,x   Edl 1zyx  . cUrbgðajfa ³ 
  )z1)(y1)(x1()z1()y1()x1(2 222222   
(%>eK[ 0z,y,x    Edl 1zxyzxy  . cUrbgðajfa ³ 
  

9

34
)y1)(x1(z)x1)(z1(y)z1)(y1(x 222222   
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(^>eK[ 0c,b,a   . cUrbgðajfa ³ 
  

2)cba(2

27

)ac(a

1

)cb(c

1

)ba(b

1











 

(&>eK[ 0c,b,a    Edl 1abc  . cUrbgðajfa ³ 
  

2

3

)a1)(c1(

1

)c1)(b1(

1

)b1)(a1(

1









 

(*>eK[ 0c,b,a   Edl 1cba 222  . cUrbgðajfa ³ 
  2

ab1

c

ca1

b

bc1

a
1 








  

((>eK[ 0c,b,a    Edl 1cba  . cUrbgðajfa ³ 
   

8

27

ca1

1

bc1

1

ab1

1









 

!00> eK[ 0c,b,a   . cUrbgðajfa ³ 
        

























ba

c

ac

b

cb

a
2

b

ac

a

cb

c

ba  

!0!> eK[ 0c,b,a    Edl 1cba  . cUrbgðajfa ³ 

       3
12

)ba(
c

12

)ac(
b

12

)cb(
a

222










  
!0@> eK[ 0z,y,x   Edl 1xyz   . cUrRsayfa ³ 

    1
xzxz

xz

zyzy

zy

yxyx

yx
7722

22

7722

22

7722

22
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!0#> eK[ c,b,a   CacMnYnBitviC¢manEdl 1abc   .  
 cUrbgðajfa 222 cbacba   
!0$> cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man d,c,b,a  eKmanvismPaB 
 

dcba
64

d
16

c
4

b
1

a
1


  

!0%> cMeBaHRKb;cMnYnBitminGviC¢man 1c,b,a  cUrbgðajfa ³ 
 1)c1)(b1)(a1(

1ba
c

1ac
b

1cb
a










 
                                                                                                                                                                   (USAMO 1980 ) 

!0^> eK[ c,b,a  CacMnYnBitviC¢manEdl 1cba   . cUrbgðajfa ³ 
  

4
1

abc6cba 333   
!0&> eK[ c,b,a  CacMnYnBitviC¢manEdl 1abc   .  cUrbgðajfa ³ 
 1

1a)1c(

2

1c)1b(

2

1b)1a(

2
222222 








 

!0*> eK[ n210 a...,,a,a,a  CacMnYnBitkñúgcenøaH )
2

,0(
   edaydwgfa ³ 

 1n)
4

atan(...)
4

atan()
4

atan( n10 








  
 cUrbgðajfa 1n

n10 n)atan().....atan()atan(   
                                                                                                                                                                   (USAMO 1998 ) 
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!0(> eK[ z,y,x,b,a  CacMnYnBitviC¢man . 
 cUrbgðajfa 

ba
3

byax
z

bxaz
y

bzay
x











 

!!0> eK[ 2n   CacMnYnKt; ehIy n21 x....,,x,x  CacMnYnBitviC¢man 
      edaydwgfa 1x....xx 2

n
2

2
2

1   . cUrkMNt;témøtUcbMputén ³ 
 

1n21

5
n

1n3

5
2

n32

5
1

x...xx
x

...
xx...x

x
x...xx

x








 

!!!> eK[ n  CacMnYnKt;viC¢man . cUrkMNt;témøGb,brmaénplbUk ³ 

  
n

x
.....

3
x

2
x

xS
n

n
3

3
2

2
1    . 

                                                                                                                                                                   (Poland 1995 ) 

!!@> cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man d,c,b,a  eKman ³ 
 )dcba(abcdaddccbba 4444   
!!#> eK[ c,b,a  CacMnYnBitviC¢man . cUrbgðajfa ³ 

 3
ba

c2
ac

b2
cb

a2 3

2

3

2

3

2






























 

                                                                                                                                                                    (MOP 2002 ) 

!!$> cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man c,b,a  eKman ³ 
 

4
3

)bc)(ac(
c

)ab)(cb(
b

)ca)(ba(
a 222
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!!%> cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man c,b,a  eKman ³ 

 3
b2c
a2c

a2b
c2b

c2a
b2a

333
































  

!!^> eK[ z,y,x,c,b,a  CacMnYnBitviC¢manEdl 1zyx   . 
 cUrbgðajfa ³ 
 cba)zxyzxy)(cabcab(2czbyax   
!!&> eK[ c,b,a  CacMnYnBitviC©manEdl 1abc   . 
 cUrbgðajfa )c1)(b1)(a1(

a
c

c
b

b
a

5   
!!*> eK[ c,b,a  CacMnYnBitviC©man . cUrbgðajfa ³ 
 

cba
1

)bc2)(ac2(

c

)ab2)(cb2(

b

)ca2)(ba2(

a
2222

3

2222

3

2222

3











 

!!(> eK[ c,b,a  CacMnYnBitviC©man . cUrbgðajfa ³ 
 3252525 )cba()3cc)(3bb)(3aa(   
!@0> RKb; 0c,b,a   cUrRsaybBa¢ak;fa 

a
c

c
b

b
a

a

c

c

b

b

a
2

2

2

2

2

2

  
!@!> cUrRsayfaRKb; 0c,b,a   eKman ³ 
 

2
3

)ba(c
cba

)ac(b
bac

)cb(a
acb 222222222











  

!@@> eK[ 0c,b,a   Edl 1cba    .  cUrRsayfa ³ 
 cabcab1bcaabccab   
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!@#> eK[ 0c,b,a    Edl 8abc   .  cUrRsayfa ³ 
 

3
4

)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a
33

2

33

2

33

2










 

 
!@$>cUrRsayfaRKb;cMnYnBit 

2
1

x.....,,x,x0 n21   eKmanvismPaB ³ 

 























n

1i i

n

n21

1
x
1

1
x...xx

n  

!@%> bgðajfaRKb; 0c,b,a    eK)an ³ 
 

3
1

)bc2)(ac2(
c

)ab2)(cb2(
b

)ca2)(ba2(
a 222










 

!@^> bgðajfaRKb; 0c,b,a    eK)an ³ 
 

ac
c4

cb
b4

ba
a4

a4c4c4b4b4a4
222

3 333 333 33








  

!@&> eKman IRz,y,x,c,b,a   EdlepÞógpÞat;smPaB ³ 
 3)zyx)(cba(    
 nig 4)zyx)(cba( 222222   
 cUrbgðajfa 0czbyax   . 
!@*> eK[ 1c,b,a   Edl 1

1c

1

1b

1

1a

1
222 








  . 

 cUrRsayfa 1
1c

1
1b

1
1a

1









  . 
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!@(> bgðajfaRKb; 0c,b,a    eKman ³ 
 

2
23

ac

c

cb

b

ba

a
1

222222









  

!#0> eK[ 2n   CacMnYnKt;viC¢man .  
 cMeBaHRKb;cMnYnBitviC¢man n21 a,...,a,a  Edl 1a....a.a n21    
 cUrRsaybBa¢ak;fa ³ 

 n21

2
n

2
2

2
1 a...aa

2
1a

...
2

1a
2

1a








  
!#!> eK[  IRz,y,x,c,b,a  Edl 3zxyzxy   . 
 cUrbgðajfa 3

ba
)yx(c

ac
)xz(b

cb
)zy(a











  . 

!#@> eK[ 0c,b,a   Edl 3cba   . 
 cUrbgðajfa 

2
3

1ca
c

1bc
b

1ab
a










   . 
!##> eK[ 0a....,,a,a n21   . cUrRsaybBa¢ak;fa ³ 

   n n2121
1

n
n21

3
321211

n
a...aa

...
2

aa
.a

n

a...aa...aaaaaa 


  
!#$> cUrRsayfaRKb; 0c,b,a   eKman ³ 
 

2
3

ba

bcabca

ac

abcabc

cb

cabcab
222222 
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!#%> eK[ c,b,a  CacMnYnBitviC¢man . cUrbgðajfa ³ 
 

c
a

b
c

a
b

bca

abc

abc

cab

cab

bca
2

2

2

2

2

2











  

!#^> bgðajfaRKb;cMnYnBitviC¢man z,y,x   Edl 1zyx   eKman ³ 
 3)yx(z)xz(y)zy(x 222   
!#&> eK[ c,b,a  CacMnYnBitminGviC¢man nig K μanBIrcMnYnNaes μIsUnüRBmKña. 
 cUrRsayfa 

2
3

cb

bcabca

ba

abcabc

ac

cabcab
222222 










  

!#*> cMeBaHRKb;cMnYnBitviC¢man a  nig b  cUrRsayfa ³ 
 22

ba

ab2
1

a
b

b
a

22 


  
!#(> eK[ c,b,a  CargVas;RCugénRtIekaNmYy .  
 cUrRsayfa 1

bac3
b

acb3
a

cba3
c










 
!$0> eK[ c,b,a  CabIcMnYnBitviC¢man .  
 cUrRsaybBa¢ak;fa ³ 
 222222 cba

a3
b2c

.c
c3

a2b
.b

b3
c2a

.a 






  

!$!> cMeBaHRKb;cMnYnBitviC¢man z,y,x  cUrRsayfa ³ 
 )yzx)(zxy(xy

8
27

)yzx( 2222   
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!$@> eK[ c,b,a  CacMnYnBitviC¢manEdl 1abc    . 
 cUrRsayfa 

ba
c

ac
b

cb
a

4
3cba 333










  
!$#> eK[ c,b,a  CacMnYnBitviC¢manEdl 2cba   . 
 cUrRsayfa 2

)ca(a
c

)cb(c
b

)ba(b
a










 

!$$> RKb;cMnYnBitviC¢man c,b,a  cUrRsayfa ³ 
 

2
cba

cba2
cbc

bac2
bab

cab2
aca 222 













  
!$%> eK[  IRc,b,a   .  cUrRsayfa ³ 
 

4
9

)ac(

acac

)cb(

cbcb

)ba(

baba
2

22

2

22

2

22













  

!$^> eK[cMnYnBitviC¢man c,b,a   Edl 1cba    .   
 cUrRsayfa  ³ 
 

3
1

b4ab3a4
c

a4ca3c4
b

c4bc3b4
a










 
!$&> RKb;cMnYnBitviC¢man c,b,a   Edl 3cba    . 
 cUrRsayfa 3

1ba
c

1ac
b

1cb
a
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!$*> RKb;cMnYnBitviC¢man c,b,a   Edl 3cba    . 
 cUrRsayfa ³ 
 

4
3

1b3a2
c

1a3c2
b

1c3b2
a










 
!$(> eK[ 0c,b,a    .  cUrRsaybBa¢ak;fa ³ 
     

)ac)(cb)(ba()cba(
)cabcab(6

ac

ac

cb

cb

ba

ba
22

33

22

33

22

33














  

!%0> ebI c,b,a  CacMnYnBitviC¢manenaHcUrRsayfa ³ 
 cba

ba

)ba(c

ac

)ac(b

cb

)cb(a
22

2

22

2

22

2











  

!%!> ebI c,b,a  CacMnYnBitviC¢manenaHcUrRsayfa 
 2

222

)cba(

)cba(9
a
c

c
b

b
a




  

!%@> ebI c,b,a  CacMnYnBitviC¢manEdl 4abccabcab   
 cUrRsayfa  ³ 
 

8
3

)ba()1c(

1

)ac()1b(

1

)cb()1a(

1
222 








 

!%#> ebI c,b,a  CacMnYnBitviC¢manEdl 1abc   . cUrRsayfa 
  

8
3

)ba()1c(

1

)ac()1b(

1

)cb()1a(

1
222 
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!%$> eKman d,c,b,a  CacMnYnBitminGviC¢man .  cUrRsayfa ³ 
  22223 )cb(d)ba(c)ad(b)dc(a4)dcba(   
!%%> ebI c,b,a  CacMnYnBitviC¢manEdl 1abc   enaHcUrRsayfa ³ 

 
2

3
ba

c
ac

b
cb

a 3 23 23 2










 
!%^> eK[ c,b,a  CacMnYnBitviC¢man . cUrRsayfa  
  1

acac

c

cbcb

b

baba

a
22

2

22

2

22

2










 
  !%&> eK[ c,b,a  CacMnYnBitviC¢man . cUrRsayfa  
 )

ba

ac

ac

cb

cb

ba
(

2
1

c
1

b
1

a
1

ab
c

ca
b

bc
a

222222 










  
!%*> ebI c,b,a  CacMnYnBitminGviC¢man enaHcUrRsayfa ³ 
 )1abc)(1c)(1b)(1a()1c)(1b)(1a(2 222   
!%(> eK[ 0z,y,x   nig INn   .  cUrRsayfa ³ 
 3n3nn3nn3n )zyx()3zz)(3yy)(3xx(    
!^0> ebI 1c,b,a    cUrRsayfa ³ 
 2

ba1

c1

ac1

b1

cb1

a1
2

2

2

2

2

2














 

 !^!> ebI IRc,b,a   bgðajfa ³ 5 5554 444 1cba1cba   
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!^@> ebI z,y,x  CabIcMnYnBitviC¢manenaHcUrRsayfa ³ 
 

yz2
z

xy2
y

zx2
x

xzzx

zx

zyyz

yz

yxxy

xy
222222 
















 

!^#> eK[ c,b,a  CabIcMnYnBitminGviC¢man . cUrbgðajfa ³ 
 3222222 )cabcab()acac)(cbcb)(baba(   
!^$> eK[ 0c,b,a   Edl 1cba   .  
 bgðajfa   2

ba
ac

ac
cb

cb
ba 222











    . 

!^%> eK[GnuKmn_  xx)x(f  Edl 0,0    1    
 k> RKb; ]1,0[x  bgðajfa 0)x(f   . 
 x> RKb; 0v,u   Edl vu   bgðajfa vuv.u    . 
!^^> eK[ 

5321
x...,,x,x,x,c,b,a  CacMnYnBitviC¢manEdl  

      1cba  nig 1x.x.x.x.x
54321
   . cUrbgðajfa ³ 

     1)cbxax)...(cbxax)(cbxax( 5
2

52
2

21
2

1    . 
!^&> rgVg;carwkkñúgénRtIekaN ABC  b:HRCug AB,CA,BC  erogKñaRtg;  
        111 C,B,A .Rsayfa 

2

3

CA

CA

BC

BC

AB

AB 111   

!^*> eK[ 
2

x0


  . cUrRsayfa 

    *INn,21
xcos

1
1

xsin

1
1

2

2

n

nn
















 






   .  
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